MATAOR - Final Review Seminar

(2016 @2) ConSider Hhe numbers m = 2% 3% 313 and a=2°5432 °

(@) How many pasitive whole numbers divide m?

m=a% 33 a

D (B4 (5+1 (34D (A1) =9 .4 - 4.5 = 1080 pasitive whole numbers divide m .

(6) How many positive inkgerS divide boWr m and n?

m = 2% 3%.3% 13 5 -2
} od (m,n) = 3" 3

n=2%.549% 3

=) (S+1)(an) = 6-3 =18 pasitive inkqger s divide bt mond 1.

(¢) Compuie @(n)

Eulu‘s Ph
¢Ln) = @ (plea = N 0.-1)(0 g‘_‘) @ (p) = p-1
Mnfpnm& PH'MJ
n=2°".549% 8
Pm= ¢ L6432 0%) = %603 W 1 4 b 10
| 2 5 3 W
=la's.3. 0 . 2* a3-268
= 283543, 2
(2016 Q3) Evalvale the grachom 2.5, in anthmetic modulo 3%
Way@ 2 mod 31 =% Woy @ 2 mod 33 =%
5 5
D amod 33 = 5% D amod 33 = 5%
D (-39)mod 31 = 52
= (-35) mod 33 = X ocd (33,5): 31:6x3+d
95 5= 2xd+1
D (-}) mod 33=%
= 30 mod3} =x 1= 5-2xd
| = 5= (33-S%xF) x2
> 2z230mod 33 I = 5x\5-31x2
5 2 = 5x30-3¥x4

X4 + 2 =5x30
Amod3F =5x30 =) x=30 ..2:=30mod3F
5

a ways! You pick your gavourik Wb



83
(2016 @ 4) Use Fermat's theorem 1o evalvale +he power 2 mod a3

F{vma’f S Theofam |
I(. PiS primme ond a iS nonero o Modvlo @,
Anen o'z imodp. . By Ff,lmai‘s Thm
2** 2 imod 23
'z
83=32x3+13 5 2% P2 (P)(3"™) = 2 mod 23
2’ = 4 mod a3
a'z q? 210 2 () mod 23
a8 z (-3)°= 49 = 3 mod a3

2% = (3)* 2 Amod a3
27 :2-2%:2-9z 1Smod a3

- a%2 18mod 23 .
(2010 @5) Find the twenty-ninth root of 3, %3, in arithmeric modulo 5.

f ®
Check oY Efa' modn, in oroer +0 vSe HhiS metnod
* a and n are rlatively prime

Ltk and @(n) are rlatively pime il
theck: k=39, A=, N=b9 Side :
69 =5x\3
* 3land b5 are ctlahively prime
* 3% and 48 are rlatively prime D(65) = 5x13 x x4 x eéz 48 =243

we can finda Solvhom | gor 1= 20m-48 L8

9(d(39,48)  48=23ax) + 19
3a%9=19x1+10

19 =(0x%) +9
10 =29x) +1

10-9x%)
10-(19-10x1) x)
10xa -19x|

= (2A-19x))x3 -19x)
I= 29%2-19x3

= 29x3 - (48-2ax1) a3
|z JQx2-4?x3 (%)

“w g W

|
|
|
|

m
veripy 1°2 /3T modbs LEulker's
Il: K i§ @(n) anda (S nonre on modulo p,
( 46)‘(“\/1)mod b5 .then 6“z Imodn i

2% 3 modoS



85 EUIC('S‘
(%) 5229=1+t48x3 /, Z | modb5

1+48 X3

5323 3.3 a%)° 2 3 mod 65 °= /3" moa S

Now, 1et's gind 3°mod 65

3249z (-16) mod b5
#2(16) = 256 = bl z (-4)mod 65
323 3:(-4)32-28231 mod 6S

2 Y233 mod 65

(3016 @) Yov arfk an FB\ agent who has justintercepied a message from mobsier
Tony Soprano +o his engorcer, Peler Paulie WalnvtS Gualheri. Tonyand Pavlie art
V§ing e (ublic-keyYy madular artimeric entryphiom Syskm with modulvs n=’l’*
ond 2xponent K=ll, So#hat t0 eNCade his message Tony raises i+ 4o +he |\ pomf

med¥3. The entiphectd message that gou inlercept iS 3. Find +he ariginal message

n=31 | Messagqe 3 Check : k and @(n) relakvely prime ?
K=l A @(:}}):1&“ ,‘(o \Q0 b0=3235
El
2 lim - 60X ~qed(n,e0) =) | V/
9cd (1,60) > 00 = 11x5+5
o= 5% +1|
- 5x%3

=(60-11x5)xQ
L 60%XQ 4+ 1 x\O0

)
Wx\ll-b0Ox2
m

- | e e oo
(NRLURETRET

Afz3"2333:169.3248234T7 mod¥¥ | - B,=4% (entryped)
329 mod ¥3
3*= 31z 4 mod 71
3%z 10 mod3?
Deupher:
Bz 4% 24343432 (-13)(-24)4%2 191362 3mod ¥ -+ A=3 (aswanikd)
4:15 2209 = 53 = (KW4a)mod 33
43 = (-24)* 2 536 = 33 Mmod 17
43%= (33)* = \364 2 b0 = (-13) mod 33

s Message 3 > C.



(2016Gb) Use e divisibility tests todeterming (@) if n=1563§3493 is divisibie
by 3,900l and (V) f M=4815FI3 is divisibie by.

Divisibility Tests
- DiviSibility by ¥: A-28
*  DiviSibihty by I\ : alkemnating svm
- Divigiboility by 1>: A+48 or A-9B
*  Divisibility by ¥ A-58

L Divisiwilihy by 19 A138

(a) n=190383492

DiV3: 1+54+6+F+8+34% 44MQ =45

45 is divby 3, S0 niSdiV by3 +00.
DivA: 14540+F4+8+ 3+ 44N =45

4% i§ divby 9, 50 n isdiV by +00.
Divil: 2-9+4-3+8-3F +6-S+)=-3

-3is nod div by I\, §0/ n isno+ div by \.

(0D m:-4815313
A

Divi: » 481631 -2-3= 481565
» 48156 -2-5=4814b
> 4814 -3b=4802
480 -2:2 = 430
43 -2:b =35
35 iS div by 3, then mi§ div by F+oo.

(3017 @ 1) Lisk all +he prime numbtrs between 120 and 130. Show your work
Evatosthene's Sieve |
Find prime numbers ina given inkerval by iferating dnrough
e list of Smaller prime numbers and thecking divisibilivy |

Find the root upper bound {130 <14
The Sed of primeS less hon 14 = ha,3.5,3, W3 §



let's skart Crossing ovk Hae numbers that are divisiv\e by & ¢irs ¥, and

then follow in order $he s+ we detined above.

Skep g (ancel ovt s divisible by 4
Siep lancel ovt #Hs divisible bjg 3
Skep(2) (ancel ovtk #s divisibe by 5
Skp @) (ancel ovr #s divisible by 3
Sip @) (ancel ovr #Hs divisible by I
Sitp @ (ancel ovk #s divisible by 13

10 N3 A 123 14 16 16 123 g 129

130 131 122 135 134 135 136 133 3% 139

A0 i) 2 193 194 16 | 1db | 199 | 148 149

50 15 152 193 154 155 156 157 198 159

150 Igi 152 163 1pa 185 lbb lbd IK8 149

The prime numbers betwetn 120and 130 are:

123,131,133,139, 144,151, \6F, 163, 1b3

013 @5) Find + gollqual“rom‘i rithmehc modvlo ¥.

i#j% od3

Check (oY K[a' modn, in order +0 vSe hi§ metnod

« NS prime

* kK and n-i are rclatively prime
* 0 _non-2¢r0 in module n

(heck:

- 3 iS prime

* 3land ¥-1=b are ®laheely prime

* 339 IS non-ro in moa

3'\m - 648

1]

we can find a Solvh on gor |

1= 31x) ~6x5 (%)

Verigy a19,= Y239 modd

aF9mod ¥

(;L%AEQIE%%'T 0d¥
Q=
|




By Fe/rmat's

(¥) 31 = 1+6X5 Q19°z
] / i 9= lnod ¥
2 2397z 239772 339.(319°) = a9 moad
9 = bmod %339 = bmod 3
(0) 3 280 mod3

Led 3280 mod 3 =X
280 mod F = X
0 = a3

A=0

3)

W !

280 £ Omod 7
() 3382 mod3
Check:
3 IS prime
‘[ 3Vand 3-1=b are ®lahvely prime
+ a82iS non-ro in moa?
we can find a | Solvhonn for 1=3Vm - 628
ged (31,6) | 3V =6X5 +
I= 31x] -6x5 (&)
veripy 83 = Y283 mod#
__,3)
(25312337 moa®
383" = 283 modi
By FQJMO’('J
) 31 = 1+6X5 P 2s8a = | mod 3
S
= 280% 28372 282 - (2629°= 382 mod¥
Ed = 2 mod 7

2 RAasa = Amodi

(2017 @6) Find b (onfew+ive camposiie indegers, that is b wmsecutive inlegers of
whith none i$ & prime aumber

FHd, 343,344,345 , I+, I+ 3
Bonus: (am you find 6 Suthnumbers that are smalier +han 100?

a\,92,93,94,45,96



