MATAOI- The Magi¢ of Numbers

TA: Angela Zovaleta-Bemv

Tutoriais: TA(HW308 Thursdays q-10am)
T3(ARA0L Tuesdays q-10am)
Tbo(MW160 Thursdays 10-11am)

Office hour§: 10404 Mondays Q-4pm

email : angela . 2avaletabernvy € mailvtoronto. (o

wWebSiiL : angela zb.github. 10

week 4 - Jan. bth
NO {vtorials
Week & - Jan 43+h

Today : Greatest Common Divigor (9¢cd) and Least Common Mulhple (1cm)

 gcd (6,8) =Q L lem(6,8)=24
Endidean Rlgorithm: If a=bg+r,0< r<b then 9ed(ab)=9cd (b, 1)
+ 9(d(a,0) - o
* gud(o,b)=b
* l(m (an) = _ab_
9Cd (a,b)

Ex1: Use the Euclidean Algorithm 1o pind ged (51,96) and vse it o find
the lem (91,96)

9 - 51-1+45 >d=qd (2b,51)
o

B1: 45-1+ 6 > d=gcd (51,45)
e

45: 6-F + 3 - d =gud (45,6)

Ve
6 =3:a +0
Lost

- op!

> d :=qcd (6,3)
s+ ged (96,51)=9¢d (51,45) =9ca (45,6) =g cd (6,3)= 3

IEm(a6,51) = A6 XxB1 . A6x51_ A6x13 = 4632
ged(%.51) 3

* If a:=ms and b=m1, then gcd (a,b) = mxged(s, t)
Ex4: (Again!) but using 4his method.
ocd (51,96) = ged(3:13,3-33) = 3-9cd13,32) = 3-1=3 v



Exd: (T1-01) Use the Euclidean Algorithm 1o pind 9ed (366,150) and vse it
Yo find the lem (366, 150)

3bb =150-a + bb > d =g (366,150)

450 - 6b-a + 18 » d-9gcd (150, 66)
b6 -18-3+ 4d > d =g (66 ,18)
18 = 421+ > d=9cd (18,42)
D :6:a+0 » d - 9ud(43,6)

- 00d (366,150) = 6

S 1em (366,150) = _366 %150  _ 346 X190 _ 61x 150 = 4150
gcd (366,150) 6

E_)g}:(T'l-Qa)’Does the eguation 1dx+20y =90 hawe a Jolvhion op indeqers
Xond Yy

No X Becavst on ihe lept Side we can facky ot 4 > 4(3x+ SY)
howeier, ag is not divigible by 4.

Ex4.Does ’rh% equation Mx+ M4 =131+ 33y hawe a Jolvhion op indegers
T Xand y!

No A . Betause the right side is divisibie by 11 > M(11+dy), byl
the 1eft §ide ign¥as 414 s not divisible by 1.

ExS: (11-Q4) 3¢ & and b art inkged , and X 1S an inleger suth Hat xH+ax+b = Q.
Swow Hhat xlb
Y pig diviside by &
xt+0ox+b =0
D p= -xt-aX

D P=-%(X+0r
__.,_)\_)

BeCause b is also an indener, then xlob. .
EXb: Show Hhat it alb and bla, then 0:b ov a=-b

i$ aninkeger betause Y and a ore inkgers

alb means that {here exist an n € 2 suh that an=b @
bla means +hal thee &xist an me 2 such that bm:=a @

Use © por @: (@M m=a =5 anm=a = nm=1,



The only integers n and m Hat work for nm=1 are n=m=1or p=m -
> Whatn n=m=1 => a:b by @
> wWhen n=m=-1 = az-b , by Q@ o

Week 3 - Jan 3d0th
Ex4 (Ta-@1) Find integers x and y Such that bx&By=4

let's do Emdid's A\go!
5-4 + > But wait® This line here might helg:

b =
5{4'4+‘l
4{4-1¥O

let's wiide it dipperently: 6 -5-4 =1

Now, w2 need Hhe equahdm (6-5-.4=1) x4
10 equal 4: 4@5.4 = 4
The signs are dippevent. .. b:44+5:(4)=4

- Y

‘o ln 6X+5Yy=4, X=4 ,Yy=-4
Exd Delermine i ¢ Hhe equations has inkger solurions = and 4 .

g4  1015x + 93ly = 9
eqa  1015% +ra3ly=2¢

@ Find the qcd of (1015, 231)

1015 = @3l x 4 + Q| 0)
e S aul

azl = Qi xa +49 (2)
e oult

al = 49 x1 + 4d (2)

49 =43 x1 +3 (4)
o

4 = 3x0b (0 - 9cd (1015 ,231) = 3

§0 by defimhon Im,n such Hhat 1015m +23In =3
LOOng at 294 and q 9, :"*q and 4‘38. So an|5 Q2 has in{-egu Solvhion



© Write gcd in ferms of e valves.

3 49 - 42x1 (4)
49 - (ai- 49x1) (3)
49 xq -9l

(@31-91x2)xa -9} (2)
231x2-91x4 -91

231 x2 -91x5

231 x2-(1065 -23)x4) x5 Q)
231 x2-1015x5 +33)x20

231 x 23 + 1015 x(-5)

3

@® ax3
Qs

2Bl x32 x4 +101Sx (-5)x4
23V x§¥ 41015 x (-20)
= ——

v x
@ \e want 40 find a gentral Solvhion fov 28 = 1015X + 231 Y

Theorem: Ip d-ged(a,b) | € and x.Yyis an integer golubion of ax+by=c,
{hen 0 S x+ 5’*’ s \J-%t for any indeqer t.

In ais cose, d=7|28 ond we have 28 = 1015% + 231y
We know %=-20 and y=8§ in @ o o

The general Solution ha§ X = -20 4+ @31 t = -204 33t
2

\= 83-‘%'5 t - 8%-145+¢
*. The general Soludian is 1015 (-30433t) + 231 (88-145¢) =28

£x3 (Ta-@a) find all indegers x and y Such that 303 +8y= 500. For which
solvhons are x and y both pofihive?

© 30:=%x3 +6 (1)
v /
= bx 1 +@ (2)
<
b = @x3 +0 —> qud (30,8) =2
(4 1=8 - 64 (2)
= 8§ - (30-98x3)x1 ()
= 8§ -30x2+48x3
Q= 8x4+30x(-1)
@ a50x2 = $x4%950 + 30x(-1) x 250
500 =

8§x 1000 + 30 x(-a50)
WT V-Vx—,



@ General Solvhion: X=-260+ 8 t = -350+4t
a

Y= 1000_30% =1000-(5¢

Y
X720 = -250+4t 20
41 > as0
t 2126 =625
a
¥>0 = 1000-I5t 20
1000 %15+ B
200 5 t N bb.b
3

S0 62.5 ¢t bbb , tisan inkgeyr
. £263,b4,65,6b to have X and y Qositive
E_)(_‘l (T3 -G4) Suppote the sophomores, Juniovs, and seniof§ e tvional
deuded 10 wllect money 10 hoSt o parvy. \f eath Sophomort toninbuieS $35.
et UNIOY (ontnbuieS £18, Latih Senidy conivbuies $10. $450 will be
wuu;*-(d -V§ Were are 35 Students  how wany sophomores, juniors, and
senior§S are there?

X4+ Y+ 2:= 35 @
MBxX+ 1§y+102=460 @

Ox10> 10x + 0y +102 =350 @
®-6 * 15x+8y=100
let's do Euclid's Alg. +o find the gcd of 1Sand 8

@ S=8x 1 +3F )
B=F3x 1+ )

I :x 3 +© - 9cd(15,8)= |
@ :¢-3x1 2)
I = 8§ -Ce-8x)x1 ()
| = ¥xa -16x|
R
H X

L> but there (annct be a negative Solvhon'

® 100x\ = 3x2x%100+ 15 x(-1) x 100
100 = §x300 +15x (-100)



@ General Solvhion: X = -100+ 8t = -10048t
]

Y = QOO-lit = 200-1(5t
|

wWe need +o find X% 0 ,Yy%0

-100+8t %0 400-15t > 0
8¢ 2100 _ 300%.6¢
t %35 =135 133 » 4_§>,t
&

= 135t <13.3 , and tisan integer.

S t=\3 > Xx:=-100+8%x13=-100+104=4
> Y= d00-15%13 = 900-195:=5

> X+Yytr2 =35 =D 445+2 =35
= 2 =26

Ex5 (T3-38) Show there are inpinitely primes 0 e pom 41-1, where t is
an indeqer

Let's do a proof by (omtradichm. Which means, we will assume there

are only o finile number of primes of the foym At-\, we will call
H\-‘M ?I, P‘),”')Pr.

Let N=fufa--pr, and leH'S consider the number 4AN- 1. By our initial
assumption, AN-4 is not Prime, So it has o prime pacior!

we Claim AN-I has a prime factor of the form 4t -\.
Now , \et's See what happens when we mulhiply 4%+ and 4y+l
> (ax+)(AyH) =167y +4AFAY H = Alaxy +x+Y) +)

which means, 4N-1 must have aprime factor 0¢ porm 4t-1. Siace & iS
not & gactor.

So twere is a pi Such that i l4N-1. Then as p; [N, we have pil1. which
Contvadicts'

There are infinilly many pamed of the garm 4t-1.
Week 4 - Jan 3ith

It nis composite, then it has a @rime divisor p such that p < V',



To delermine g n i §

prme, check whelher eadh of e prime numbers
vp o \n' divide n

€x4 (13-G1) Which 0f the following numbers are prime”
(a) 407

Va0 <21 which means that we only need to dreck {ov primes vg +o 40
primes vp +o 20 =42,3,6,%,41,43,43,19%

ajaor? Nope! 40%:2x303+1

- 34017 Nope! 407 :3x435+2

.
. 3

- M

40% ?

40% ?

403 ?

Nope !
Nope'

\es

403 - 5x81+3
403 = 3 581
40 - 1531

.. 40% ¢ ni\- prime .

(v) 463

V463 <32 which means tat we anly need to check for primes vp o 31
primes yp +o a4 =42,3,6,%,11,43,43,19}

d
© 3
5
. 3
. M
* 13
43
-+ 9

443
4437
443
443
443
443
443’
443

o 4b3 s prime .

463 = 2 x 231+
463 = 3 x 194 t4
463 = 5 xA2 3
463 = T xbbt1

463 = 11x42 1
4b3 = 43435 +§
463 = 43137 +4
4b3 =19x94 +3



Sieve of tratosthenes: Tolind all prime numbers behugen a and (@ <b),
for each prime P up ko Vu', (108§ ovt every mvthple of p. The remaining
NUMBLrS Qre primes.
Ex2 Find all grimes between 339 and 265
{365 <13 whith means tat we anly need Yo dneck foY primes vg Yo 1b
primes vp +o 16 =4@3.6081
335 236 3% 238 239 240 a1 aad  a4d 244
245 aab T a8 249 ast as1 /88 383 2ed
95 356 251 g8 Q59 Al A 262 263 264
T
Hep #1: (ross ovt all s 4hat are divisible by @
Hep ®d: (rogs avt all #s that are divsible by 3
Hep #3: (ross ovt all s that awe divisible by ©
Hep #4: (rogs ovt all #s that awe divisible by 3
Hep #S: (rogs out all #s 4hat aw divisible by @9
Mep #b: C(ross avt all s that awre divisible by !
S The primes in between 935 and 265 are ©339,241,254,35%,263)
Ex3 (T3-Q3d) Find all grimes between 304 and A50
ﬁ%? <lb whidh means Wat we anly need Yo dneck foY primes vp to 15
primes vp +o 15 = Y3608}

300 368 0 304 305 Qo6 207 K A 0
a3 F M ps e ¥ e W wd
3 224 233 ad4 pE 3w 297 aE 939 230
931 33 a3 344 23 936 23% E a3 Ud
41 43 U3 a4 s M6 uT 4 M4 a0

S The primes in between 301 and @50 are ha,323, 323,229,233, 239, 241}



Exa (T3-Q3) Find the prime-power decomposition (or each of the following -
@) 433 =49x23

(v) 109 =709

() §36 = 2x3x33

* An element x of a Stk is Called o @ANIP it tvere exists an element y
such that 1y =1

+ AnGiedUGLI® is a non-unit clement of A whose only positive divisors are
itself, units, ond producrs of ittelp andunits .

Ex: Con we whte 0 3# in two dipperent productS of irredudibles, A=3t+ 7
=>400 = 4x2% = 10 xA0

Ex5 (13-G4) (onsider the St Containing pofikive inkgers of the 40fm St -
Find an element of B with +wWo di pterent irredutibie decompositions in 8.

t:‘ "b = ax3
=2 >4 = Ny
=3 >4p = 24
t=4 > a1 - 3x3
t:5 >ab = AxI13
t=b >»31 = 31
t=3 >3b = 2«3’
t=§ >44 = 41
t=9 >4b= ax23
t=105>51 = 3x|3
t=1l »66 = 3*°x3

Any Commdm factovs? a4 3.3
a%%x3x3 =336 =33541= 5xb +1

How can we decompose 3367 Remember they need to be in B (St+l porm)

o)

f‘A
XX XA X 3xI, 33b = 65bXb = loXxad
@ 0) - both are irredvuble.

Ex5 (T3-G5) Suppose nis composile, and let P be the smallest prime divisor of n.
I£ p> Yn show What n/p i§ prime.

Suppose njp is not prime . Then A/p = QXY where 9,rCZ. Since p i he
Smallest prime diviSor of n, then p £<q and per.



=> 0= pagx € 293 > (Yn)=n
o n>n?l impossible!
. nfpis prime )
week 5 - Teb 3vd
Ex4 (TA-Q1) Find the prime factorization op the Qrodvct of 4460 and 6146

4460 |3 b1d6 |2
Q3o 3033 |3
1115]8 43q 439 «—Check:W,13,13,19
223|223 — theck: 11,13 becavee 439
l becouse <{aa3

SO0 4460z 2%x5x323 oand b14b = axI x439

= 4460 x 6146 = 2'x5x 223 X2x I x93q
: 28x5x 3 x 223x4939.

fx2 (T4-Q2) Which of the follwing is +he square o a prathion?
(@) 3 '50 odd Lxponent.

(o) 3% . Yes! (3x2 )‘l

5* x? 5> x34
(c) 3x2 /‘{;&\\* (_if .
qz*a-s +x3

(d) 13%3"  Yes (13x3*)

Ex3 (T4-@3) Usig prime factorizahons, compure the ged and lem of
1200 and 43

1200|2a 43342 > 3200 = 3x2x AxaxQ x3x3 x5xS
3600] 28 33 = 2%x3% 52
\8 00|43 Q9|3
Q00| a43]3 > 43719 < 2x3x3x 3 x3x343x3
450 |2 8113 =2x3?
445 |3 233
35 I3 al3
a5 15 Y £
? 5 |




for the ‘}cd' we will consider Hhe common prime factevs and swullleg}
Lxpments.

1200 =@°x@x 52 4314 - &G
> ged (1200, 4374) = 2x3?
Tor e lem, we will consider all Prime foackors and bilﬁeﬂ axganents.
1200 =@°x8°x5? 4314 -@x@
D|m (1200, 4374) = 25,3 %52

tvler's Number: @(n) 10 get the number of numberg gom 4 to n that are
relatively prime.

* If p s prime, then @(p) =p-

* Tp p S prime, then @l = (p- 9"

* It mandn are celatively prime, +hen D(mn) = Gm)Pn)

* Let n=p® - P& be the prime factorization of n, yhen @Bn)=n x Pt ..,

Ex4 Calcvlate the Qo\lowmgf : r

(@) @@8) = P(a*x3) :48,-2:;!,‘ 3-\ . anaxlx;_ . a%210

() Da80) = @(2°43x5) = 480% 3-) , 31, 51 . %3x5x1 2 , 4 -2~ (28
2 3° & 2 3 35

(c) @(4800) = @(a°%3x5") - 4800 x a-1 . 3-1,5-1_ A% 34S'x 1,2 4 -2%S5<1280
2 3 [ 2 3 5

d) @(85)= @ (5a1) = B(5)x@ (1) = (8-1)(1-1) = 4x10=40

2 55x 6-1 , 1l-V_6x 1 x9x10 - 40
5 " 5 u

(@) @(59) - 89-1 =58
W) @(32) - D)= (2-02"= 2=
Ex5 (T4-05) Find tour values of n Sucth that @n)=8 =22

Remember @(2%)=2*"', ©(3)-2 , 0(5)=4-2°



Then por @n)=8 , ©(2*)=22> — @(p)

d(3)D(8)=8 — @(15)
0BNG(2-8 — D(4)
(D) P (5)= % — Do)

S @UB) = @ us) = O(aa) = D(20)= 8.
Week b -Feb 10th

Ex! (T5-G4) Calwlate the pollowing:

(0) How many numbers between 1and 389 are not mulkiples of 3 or 4t ?
Way @:

* Multiples of 3 between 4 and 283 @ 283 _ 41
3

*Mulhiples of 41 bedween 4 ond 283 : 283 .1

41
* MultipleS of 7 and 44 bedween 4 ond 281 : 287 . 1

mults _sowlis IFXx44
ot 3 (72

> 387 -41-7 +1 240
Cfoml g Gmults
betwean of bon
4 and 383 tand 4

Way @: ONLY becavie 283 =3x494 and ged (3,41) = 1, Hhe nmbers

'?G\' AS{L not multipe$ 0t 1or 44 are aumbers relatively primk
(V] .

S @(383) = d(3x41) = 6(3) @ (4l) = (3-1) (41-1) = 6X40=240
. There are 240 aumbers bedween 1and 381 thal art wot myihiples of For 44.
(b) How many numbers between 4 and 363 are not mulkiples of 3ot 7
Way @:
* Mulhiples of 3 between 4ond 363 @ 363 . 131
*Mulhples of A between 4 and 363 : 363 . 33

* MultipleS of 3 and 1 between 4 and 363 : :.3'3b:31 -
x4



363 - AA1-33+11 = 230
Way @: ONLY becavie 363 = 3x11* and ged (3,0 ) =1, Hhe wmbers
that are not mulhiples o¢ 3 or 41 are numbers relatively prime
10 3063
= @(363) =@ (3x11?) = 6(3) B(1®) = B3-D(-1) 1l = ax10x ) = 220
= There ave 220 numbers behween 1and 363 that are wot myiples of 3 or 11 .

() How wany numbers between 4 and 18 are not muliples o a, 3 or 132

Way @:

* Mulhiples of 2 bedween 4ond ¥8: 38 _ 39

* Mulhiples of 3 between 4ond ¥8: i{ - db

* Mulhiples o 13 between 4 ond ¥8: 1331 =b

* Multiples of 2 and 3 bedween 4 and "?3 : 38 =13

* Mulhigles of 2 and 43 betwetn 4 ond F8: a;;_ =3

* Mulhiples of 3 and 13 bedween 4 ond 18 a?}_‘s_s_ =

* Mulhples of a, 3 and 13 between 4 ond ?331“5?8 =1
Ax3x13

mults arwlis 2 wlis mvlisof
(Ul‘ra /0&3 013 fb%i:\aﬁ :’z\rl;::&.s

D 18 -39-26- 0 +13+3+2-17=99

Giotal 4 Gmuits Gmults
betwian of bodn  of Lo
Aand 78 2003 3and)8

v\lag @: ONLY becavie 38 = 2x3x13 and 2,3, and 13 are primes, Hhe aumbers
?gt‘ %u no+ mulhiples ot 2 or 3 or 13 are wumbers (elatively primé
= @@8) = P(ax3x13) = F(2) TB)B03) = (a-)(3-1) 13- = 1xax1a=24
-~ There are 34 aumbers bedween 1ond 38 that are ot myhiptes of 2,3 or13.
Exd (T6-Qa) Calwlate the following:
(@) How wmany numbers between 4 and 164 are not mulkiples o¢ 3 or 1 ?

* Mulhiples of I between 4 and 4594: 159 -4
3



* Mulhiples of 11 between 4 ond 494 : 4%3 =14
1

* MultipleS of 7 and 11 behween 4ond 154 : 154 . &

1

=D

=H 154 -a2-144+d =120

- There are 120 numbers behween 1ond 164 that are ot mytiples of 3 or 11 .

Modvlar Avithmenc

04l in mod N is equal 10 Hhe remaindes of arb apler dividing by n,

ie. 0= b (modn) when n|(a-b)
Ex3 (alwlate the following:
(0) 345(mod4) - 245 = 3(modq)
() 15+ 13 (mod4b) > 45413213 (mod1b)
(c) 22+8(modaa) > 33 +8=1(moad ga)
(d) 21+8(modga) > a1+8= 0 (moed 29)
Ex4 Make an addition table for mad 4 anthmehc

4l 0 42 3 3
ol 0 4 a 3 344 = 242=143=4
A1 a 3/0/' = 4 :0mod4q
d| o 3/0 A_— 340:=a+3=§
3|3 0 A @ > 5z1mod4
3“'3:5
= bzamod4

Ex5 (15-Q@4) Make an addikion table por mod 4 arithmetic

00 U DWW >0+
PN OTTDHD W @ Ol
Qe sruwwals
20N wLV
L2000 wn
WD To0HETO LIS
-bwb,ooo-uc-w%
NS up>p0 460
COHD>WP =000 H|H
u¢m*wba°np



Exb (15-@5) Suppose today is $atwday. whatdag 0f +he week will it be 200

——

doys from wnow.’
/> tdoyS
200 (mod3)=4 or 300:=4modd
- W will be 4 days apier Satvrday (Wedwnesday)
Ext Suppose we are in April. wWhat monr will it be 33 months From now?
/7 13 monih§
3 (mod 12) =4 or 3%z 4mod4d
W owill be 4 month agier April (May)
Week 1 -Feb 43 th
Reading week- No tutovial
Week § -Febadih
Ex4 (Te- Q1) Calcvlate the folowing
(@) -35(mod 80) — -35:=80-35 =45 (mod 80)
(b) -331(modd3) — -33=4a-33=5 (mod 43)
Exa (T6-Qa) Colcvlate the folowing
(@) 34 -63 (mod 13)

:f\llag (:);: (hange the numbers 10 their mod equivalent and then compule
34-63 = 39 + (-63) =234 +(33-63)=34+10 = 44 (mod 33)
Way @ : Compuke firtt and then find Hheir mod equivaient.
34-63 =-d9 = 33-29 = 44 (mod 33)
(b) 61-40 (mod #1)
Way O: bl-40 = 61+(31-40) =6 1431 29 22| (mod31)
wWay @ :61-40 =2\ (madH)
(c) 5-8 (mod35)
Way O: 5-% = 54 35-8) 25+ b3 =32 (mod 35)

Way @ : 5-8=-3 = 33(mod?5)



(d) 81 -32 (mod §5)
Way ©: 81-32= 81 +(85-32) =8\ +13294 29 (mod 85)
wWay @ : 31-32 = 49 (mod §5)
Ex3 (T - @3) Colcvlate the folowing
(@) 3x4 (mod88) —> 3x4 = 12(mod 8§)
(c) Wx14 (mod 90) — 1x14=154 =b4 (modq0)
Ex4 (Tb-QA4) (alcviate the folowing (Always show skeps?)
(0) &% (mod 1)
wWay ©: 8’z (8-0)"z (-3)*= 9 (mod 1)
wWoy @ :8°=64=9(mod )
(b) 3°(mod 1)
3% = 33 = 8 (mod 1)
(c) A% (mod 13)
Way ©:9'z (-4)" = is this any beder? No i
Way @ : 9z 9%9z (a*)9 =(31)'az 3%9= 81x92 3x9233 | (mod 13)
(d) 5" (mod 14) o
5% =z(5*f = a5° > 35:z10=“3(mod 1a)
Woy ©: == W2’z = 12128z B (mod 14)
*@ﬁ\g =9’z 9% : 8|/:‘§ ‘EE\“\:?EMQ% | (mod\a)
0B = () 5)'x(5) 225x(5)= l1x(-5)=-55 = | (wod 14)
Way @ : =(3)° Jr—
@A =22z 81x421a=99z | (mod 14)
@8 = (-3 (3D (@) (D) = ) mad14)



ExS Make a muHiplicahon tavle $o1 mod 4 anthimehic

x| 0 4 3 3
olo o O O axa:4: Omod4
; 8 3 %a//i ax3z 3x3 = b=3amod9
~
31 0 3 @ (A—— 3x3:9=\1mod4
Exb (To-05) Make o muHiglicohon +able $0v mod 9 arithmehic
x) 0 4 & 3 4 5 b I §
0/o o 0 0 o O o0 o0 O > Symmetnc ¥
Al o 4 &8 3 4 5 6 ¥+ &
2l 0o &4 4 b ¥ + 3 B 13
3]0 3 6 0 3 b6 0 3 b
4, 0 4 © 3 I & b | 9
sl o 6 1+ b & 31 3 8 ¢
bl 0 & 3 0 © 3» O b 3
il 0 ¥ 5 3 | g b 4 3
8 0 8 3 b 5 4 3 a |

Ex1 (T6-Q6) Sup}pose today is Sunday. What day of the week wag i
ISO dayS aqo ¢

160=Fx2l+3 \90 = 3(mod )
=
3 days ago from today (Sunday) > Thursday !

Ex8 (Tb-0F) Suppost you have 13 quarkes and eawn packageof MEMs s
95 (ents. I(: You buy AS many a§ posiible, how mvch wimey will you have
\egt over?
15x 19 =435 cents or $4.36
435 =45x4 +45 425245 (mod95)

-
Non can get 4 packageS and have $0.45 \ept.
Week 4 - March and
£x1 (Te-Q Find the smallest nonnegative indeger x such thal

() x=30 (mod 13)
4330 (mod 13) = %=9

(o) x=-\9 (mod (13)
-bz 1 (mod\3) > x=3%



Ex 2 (13-G2) Find the largest negative inteqer x s.t.

(@) %= 3% modad
38-43 =-4(mod 42) > %x=-4

() X z 40 mod4]
40-43 * -3 (mod4a) - x=+-3

Ex3 (77-Q4) Compute the fallowing:
(@) 3 x b (mod 29)
d1xdb = (-3) X (-3) = b(lmod aq)
(V) 4668904 ¥ 46563 X205 (wod 45678903)
466789 04 X 45678905 = (1) x(2) = @ (mod 456789 03)
(c) 85 %83 (mod go)
g5x81 2 () ¥ = -1 =86 (mod8b)
d) F1x 35 (modF3)
X35 = (-2)x (3) - 4 = bA(mod 33)
() 35%5 (mod 16)
3X5ad = 3x4 z 12 mod 1b)
(¢) 2456 182 x 214578| (maod 3)

3456180 1§ divinble by 3. wh 2 3ta+S5to+I+840) =33 » alaa.
145380 IS divigibM by 3. Why? (24144 +S+3 +840) = 33 > 3|a?

(34561830+3) x (2145380+1) = (0+2)x (041) = 2lmod 3)
Cancellation
It aczbC(wmodn) and gudle,n)=1, then azb (wodn)
It aczbC(wmadn) and qudle,n)=d, then azb (wod™d)
ExA (13-65) Solve the (allowing:
(@) 3x = 2 (modlb)
3z 18modlb > 3X=1¥ (wmod lb)



Becavse qed(3,16) =1, %xalg, (mod (b)
3

> A = b(modb)
(b) 9% 3 2(wed|p)
A =18=34=90z0bb > 5% 50(modlb)

TF\I\d ‘Hl\e d‘Niwa
by &L

Becowse gud (s, 1) =\ )

5x =50 (modig)
S 5

= %A=10(wmodlb)
(©) ax =4(mod12)

Becovse qed (3,12)=3 , 2% =4 (wmod12)
Q3 >

> % = J(mod b)
Ex5 (Jj-&b) Prove Hwal no inkger ¢ the form Atr 4 (s he sym of Haee
w .

Jabe st 03+b’+cd=q4+4

> a2y 3+c®z 4 (mad9)
> 0320 (wmoda)
> 1% 2 | (modq)

> 3%3: 0(modq)
543z V(mod9)

> 532 § (mod )

> 633 0 (mod 9)
> #3 =z ) lmOdq)

> 2%z 8(mod9) >822 8 (mod?)

S0 x>20,1,8(mod 9)
Thert 8 N0 mbinahon Hat will give 4.
A
week 10 - March 9in

€1 (@4-T8) Compuie the following
(0) b (mod 23)

6 2 (6" 262D (mod 22)



b*z3p214=-8 (modaa)
b" 26 = ()" 264220 £ -2 (modad)

5 622(6“)’=(-2)* = -8 = 14 (mod22)

(o) 10° (mod18)

0> 2100 = 10 (mod i§)
104200%)%*= 102 =100 = 10 (mod 1 §)

> 10820 %z 10* 2100 = 10 (modl 1 §)
Ex2d (G1-T8) (ompule the following:

@ 1 (mod12)  Becavse 9cd (10,13) =1, 1\ (wodI13) exists.
10 \0

Way®) we need 4o find what F wmulkiple of 10 has | mod I3
10x4=40= Imod 13 = 1 =4 (mad 13)

10
Woy@ Eudlidean Algo!
1I3=10x! +3 I =10-3x3
10 = 3x3 41 | 2 10-(13-10x))x3
1= 10 -13x3 4+ 10x%x3
1L=210Xx94 - |13x3
divisnble b3l3
= 10x4 (mod 13)
_‘.3 4(mod 13)
\0
(©) | (mod 41)  Because 0cd(40,41) =1, ) (mod4i) exisks.
40 40

40z (-)mod40 - (-1)(-1) = | = (40)(40) (mod 41)
>\ 40 (mod4l)

40
(d) L lmod 501)  BecauSe qed 22,50 =\, \ (modsol) exists.
aaa 122
501 =12x4 +13 | = 3-ax)
122 = 13xQ + 5 = 3-(5-3x1)x\
13 =5X3+3 2 3-543
85 = 3x) +2 = 3x3-5

3 = axl +\



(12-5x2)xa -5

13xa -9x6

13x & - (122-13xq) x5
13xQ =122 X5 +13x45S

13X 43 - 1Q2AQAX5S

= (5G1-122 X4) x4F -1QAXS
= 501x4% -123x 188 - 12255
= 601x43-122Ax193

(L R T T I |

> | = 501x4F-122%143 = 123 x (-193) = 132 X308 (mod 601)
=z 308 (mad 501)

\Q
¥) 4 (mod4l)  Because qed Li2,41) =\, 4 (mod4L) exists.
12 12
4 = 12X3 45 d=12-5X%q
12 25%x2 +2 = 1a-(41-12x3)xa
Cmed-&o = 1I2-41%x2 + 1A Xb
get tod (2= 1AxF -4 1%2)X &

4 =13x149 -41x4
> 4z)ax)4-41x4 = 12x14 (mad 41)

. 4 =14 (madar)
2

tx3 (R2-T8) Solve he following
(@) ax =3 (mod ) ged (2,21)=) —>% (mod 21 ) exisis.

l= admod a1) 3‘2 Il (mod 3\)

Az 3xIl = 332 12 (mod ai)
(b) b% = g (W‘Od%\) ged L b,21) =3, So we need o vse aneeliahon
> ax:z 3(mod3) gtd (3,3) =) > émodfl existS.

IZ8(wmod?) - §=ax4 - 5“154'“0(”

> Xz3X4= 12z 5imodF)



Ex4 (Q3-T8) Find all the wediprocals of non-zero valves moad 13

IfLzb,then )L =0 ond L =-b
a %) -0

h‘) ao 3: 415) b):‘/ 8Iql .a)l‘)'13

Want 10 find a paic of H#e tat mulhplied togedher , i+s prodvct

S 1 mad 13

X Ux
} xl 2 Ilmod 13
12122 1494 = | mod 13 L !
aXF =14 =z |mod I3 2 1
4xQz=14: |mod I3 a q

3Xx9 =23 zImod 13
A%x3 : %= Imad | 3 4 |10

4x%x10=40= Imod 13 S 4
10x4 =40z | mod |3
b 1
5X8 = 40=|mod 13
§X5 Z40= 1 mod |3 T a
bXxll ZbbZ)lmodi3 8 5
X6 =bb< [mad 13
9 3
10 4
I b
12 I

week 11 - March Abth
fermot's Theovem: 14 pis prime and pia then a®'s | wod P.
ExA Compuie the following
(@ 5%od 3 3-1=2

(heckhist: ) Check : we can
aits w\e ! vV 3ispnme vse
) ptgu.gn v 3¥5 Fermat's!

= 52z mod 3



We covld also Solve it Shvaight forward to hect it works!
5’z a5zlmod3 — 35:=3x8§+1 W
(9) 179- @) 16wod 29

A-\
Check : By Fermat's Theorem,
v 24 s prime 18
v 29klb ™" = Imod 99
(o lTa-@)) \‘\%id S
* oh no. -
Check : 10-1=9

V 5isprime ] This tells ys we can vse Fermat's Theorem,
v 5X14 but the Qxponent of 14 is NOT S-1. Now what?!

well: 14 = (@ 4?

“found it! NOW we can ompule evewything Separadt .
> 142 Imads by Termat's Theorem
D 14z9:-\mad 5

5o 18% 2 (1a%%14% 2 (120 = Imod 5
43b

@) (T2-@1) 3 " " mod 5
Check : We can use Fermad's butk we wneed 10
; 5 i,‘s prime l find o way 1o bnng 14 in.
5k4

oq

1% 23497 2 1" 2imod § , by Femat's Theorem.
()(Ta-@1) 5°°mod

Check : We can use Fermat's bul we need Yo

v 3 s prime l find o way t0 bring 5° in.

v'3¥5
Let's do some division' 85 = bxdi+5 =5 = (5°)"x5°
> 5°2imod 3, by Fermat's Theorem
> 5%2695: (12)95 2 16x5 2252102 3mod J

‘. 5‘5‘ = \5"’)4'x 55 : U)‘"x 3z 3mod3



Ex2 (TA-Q2) Use the Mod ¥ Power table below, find all Solvhions
10 the followng:

(a) x*=5(wmod3)

Look at all wbes: This col.
None awe you 5.

(b) X¥= 2(mod 3)

Look at dais o8l
TwWo valvesS qm you 2: 25

(©) %x°=|(wod 1)

Look at this cof.
D gives you L]

d) %°= 4(mod F)

Look at this cof.
& gives you 4

Modulor RootS - wWesay a iS K-th 1004 of b (moedn) ip a* = b(modn)

Unique RootS: Led P be a prime. 1 qed (K, p-1)= 1, then the equation X* = b (wod p)
Whas exactly one Solvhion. g oed (€, p-1) #1, then the equation %%z b(mad p) has
eiter N0 Solukion or multipie Solvhons.

It qcd (€, p-1)=1, then 2“sbimod P) has Solvhion bY. where y is +he
SOWHON Yo ky=i (mod ¢-1)

€Ex3 (19-G4) Solve the following
(@) X" = d(mod 13)

© ged (9, 16) = 1 : Unigque Soluhiom

wWe kaow X*z2(mad13) was a Solvhon 3” where Y i§ the solvhon of
qy =| (wmod 1b)

@ Solve  qyzilmod 16)

Euctlidean: 1b=ax1+3 | =3-2x3
A= Ixl+2 b= 3-(9a-Ix1)x3
3:-2x3+1\ l= 3x4-qQx3
b= (1b-9%1) x4 -9x3
| =

lbxqt9x(-3)



= A(¢3) = | (mod Ib)
= ‘H:q

= A1)z Ax(1b-D = 9x9 = \(mod 1)

@ Solve 2"=2% whith is He soluhion 0f x'22(mod F)
8. Solve 3 mod 13
@93z U’z (@) = 3woed 3

(v) x°2 3(mod 43)

© 9ed (5.4b) = 1 - unigue Soluhom

We know X°23(m0d43) has a Solvhon 3" where Y i§ the solvhon of
5y =1 (mod4 k)

@ Solvt 5yzimodab)

Euclidean: 4p:= 5x941 > | =9b-5x4
\ = 4p +5x(-9)
2> 5x(-9) = | (mod 46) => 5%(-9) = 5x(46-9) = 6x3F = | wod 46

=>’g:31

@ Solve 3= 33 which i§ the Solvhion of %°= 3(mod 43)
ie. Solve 3°mod 4%

337z 230 3= 33233 (od 4D

z 9 mod 47

=81=34=-13 moda43

2 (3922 (132169228 =-19 mod 4
= (3%8)'2 (-19)*= 361 2322 -\Smod 43
33 = (3'*)'z (IG) 2925 = 33 = -10 mod 43

32
34

s
3,

= 3¥:23¥3% 2 (10)(-13) (3) 2(130DBZBI3) 2 103 = 14 (med 43)
week 12 - March a3rd

Euler's Theorem: Let v be a Positive inleger. Tg n and o are relahively prime,
then g% = lmad n

Ex 4 Compute the following:
(0) (740 - Q1) 3% (mod 95)



Cwecklisd :
Racd(n,a)=1? qed (26,2)= 1

& Dn)? @(35) = @(52) = 3(5-)=5x4=30 > exponentop 39
By Euler's Thm, 3% 239"z | vodas
(v) 4% (mod a3)

Cwecklisd : 5

2 9cdn,a)=\7 ged(23,4) =1 -

& G(n)? @ (23) =@ (3%) = 3" (3-1) =Axa =1 8 -» exponeny of 4q¥

By Ewler's Thm, 4'%: 4967z |moda3
(©) q"mod 3
* Cb&ck‘: | Nc can vse Fermat's %\H we need 10

Y : ')‘sq?”m l find o way to bnng 97 in.

180 0

9%z (497" 2 1"z 1modF , by Fermat's Theorem
* Check list:

&9 (F,N=1"

@ (3)? D(3) =3-\=0 —> 380 =130 xb

b
= Q= ‘lgm‘z’ Imod 3

$0 130
By Ewler's Tam, 9 2(9%) (1) = Imod3

@ (19-@1) 3 **mod 5

* Check: We can vse Fermad's but we need 10
vV 5§ prime } find 0 way 10 bnng 14 in.
v 543

a3b 104
3% 2(39 21" 21mod 5 , by Fermal's Theorem.

* Check list:
IB/ Cd(eﬂ')=‘?
@ (5)? @(s) =6-1=4 —> 43b = 109x4
> 12372 |mods
q Q
By Ewlev's Tam, 3°°2(397 2 (1) = ImodS

% Lt oo and n are relarnwely Prime | ammi \ (modn), §0 if mdivideS @(n) with
vemainder ¢, Wen a"=a"(mod n)



(@) (T10-G1) 5" (modas)
Check list:
m/ Cd(2835)=‘7
@ (38)? B(a8) =@(2’x3) = B2 @) = axb = 13
= Do it division algorithm with @28)=12 and 19
~r
‘=2x1+Q - * 5'Y=5%(modas)
q
By Enler's Thm, 'z 51z 5%5 = x5 = Smod I8 ,,
. 5°2(5%) 2(88)° = (-3)° = -2% = | mod 2t
(8) (T10-G1) 4%*¢(mod 51)
Check list:
&Z9cd(5),4)=1"7
@ (s1)? @(51) =@(3x13) = @B)xD(13) = 3x Ib = 33
= Do Ht division algoritim  with @(51)=32 and 386
el 386 2
386=3ax10+@) — * 4 =4 (mod5))
386

By Eunler's Thm, 4 = 4%z 16 (mod s\) ,

Unique Roots: 1¢ qud (€, @0 = | and gedlon) =1, then +he equaton ¥ = b (wodn)
Wa§ exactly one Solvhion. :

¢ qed (K, @D =1 and gedlo,n) =1, then the equation K* = b (modn) has Solvhion bY.
where Y is +he SOWHON to kyz| (mad @ (n)

Exd (TA0-GQ3) Whicth of the following have a wnigue Sol?
(@) x* =5(mod8)
k=3,b=5, n=I%
@(18) - @(2x3?) = B(2)xB(3*)= (2-) 3'(3-) = b
© 9wl3,6)=3 1 and ¢ed(5.,8)=) = vot unique solvkion{
0 %z 6b(mod 18)
k=9,bz(, n=18
@Ls) = B(ax3?) = B(2)x@(3*)= (2-) 3'(3-1) =0
0 acd(4,6)=2 %l and acd (6,\8)=64 => not unigue solvkion ¥



hd - -

(¢) x° = 7 (wod I€)
k=5,b=%,n=1%, O(R):0
© 9wd(5,b)=1 and qud(3,18)=1 => wnigae solvtion ¥

We know X 23Hmod 13) has a Solvhon 3 where Y i§ the solvhon of
5y zl(mod b)

@ Solve 5y = \(mod 6)

b =6X\+l > 1= -9x]|
126Xl +5 x(-\)

=> 6x(-\) 2 5xXG =25 = | (modb)
> Y=5

@) Solve 3= 3° whichh S the Solvhion ot %°2 3 (mod!8)
i.e. Solve 1°mod I8

32240213z -5 (mod 18)
34 2(3)*: (-5)' = 25 = F(mod \8)

33°: 33 = Ix32 13 (mod 18) ie. x=13 (mod 18)
(d) x°25 (mod 18)
k=5 ,b=5, n=18, @(R):=b
© 9ud(5,6)=1 and 9wd(5,18)=1 => wnigue solvbion ¥

We know X°25(mad 18) s a Solvhtn 5° where Y i§ the solvhon of
S5yzlimod b)

@ Solve 5y = \(mod b)

b =0x\+| > 1= -9X%|
1= 66Xl +5 x(-\)

= 6x(-\) 2 6x6 23S = | (modb)
5 yY=5
@ Solve 5= 55 which 5 the Solvhon of %°=5 (mod18)

i.e. Solve ssmod I8



6%z 35 = 3 (mod 18)
54z(53)rz 3% = 49 213 (mod\8)

 6°25%6 2 13x5 = b5 = || (med18) ie. x=\1 (mod 18)
week 13 - March 30+h
Ex4 (T41- Q1) Sole the following:
(@) X% 2 G (modib)
K=3.b=5_ n=zlb, Dhb)= @R%= ’@-=t%

® Check: (e, F)) =-qed(3,8) =1 a val Soluhion exisds !
gcc:Lb, n) = qcd (5,16) = } e

We know X3:G(mod k) has a folukion 37, where vy is the lvton of
34z lmod ¥

@ Solve 3y=imod &

3 - 3x2 +a - | =3-ax)
3= aAX) ¥\ v =3-(8-3x2)x)
V= 3_gXx\+3x2
V= 3x3+8x(-1)
=>y=3

® Solve 5%=5° which is the Solukion op %3z5madlb
i.e. Sove 5°madib

522 &5 2 Qmod b
B3z 56562z 5x4 345 = |13wmadl(p

= %X=\3mod \b
(W) x*=3 (modas)
k=31, b=3,n=35, @%) = (s> =(5-\)S =-a0

© (neck: (b, @) -qed (3.20)=1 1 & vnigue Soluhion exichs !
?fcﬁu, n) = qcd (3,35) =1 } e

We know X*=3(modas)has o folubion 39, where v is the Dlvkon of
4Y= Imod 20

@ Solve 3y=1mod 20



3-6bxl
F-(20-3Ix2)x|
l= 20x(D+I X3

30 =1x2 +6 A
F=0x| +\ |

>Yy=3
® Sole 3°= 22 which is We Solvhion 0f %'z 3 (mod 35)
i.e. Solve 3°modas
3*:2%= A modas
= %xX=3awmodaS

The order 08 X (madn) is the smallest positive inteqer t such Haat
¥z lmod n

=) Supeose thar qcd (a,n) =\ and o has grder t (modn) . Then t\@(n)
Exd Find the ovder of 4,2,3,4 (mod5)
'z lmad 5 D=\
%2 3 \madS

3"z 4 $\mod5

2:8%\modS

2'zlbzlmod S > t-4
¥ 3 $\modS

F=%3\modS

332 23§ lmadB

3%:812\lmad 5 > t=4
¥ 4 ¥ lwmod 5

4%z \b=\mod 5 => t=a

.. 1 haS order 4, 2 has order A, 3 has order 4 and 4 hasorder 2
(mod 5)

\¢ a is a leaSt residve and the order a (mada) is @(n) , Yena s
talled o Primitive voot of n.



S Suppose Hhat o has order § (wad w). Then a* was order t if and only ip
Bed(k,£)=)

Ex3 Find the pnmitive roots.
(0)(T41- Q3) One 0f e primitive 100%S 0f 3 is 3. Fina all he Gvhers .

2. @0V =lb s0 3'°z1mod |3
$0 al\ e other Vvimi’r'wes are 0¢ the (ovm 3t where godu.'b)ﬂ

> %=1,3,5,%,4,11,13,15
% 3'z 3mod|Y
%x 3%z 2% =10 mod I3
% 3%z Px3%:10x4290 = Smod 13
#+3¥:3%x3*=6x9:45=1\mod 3
+* 3% =3%3*=11x2:99= 14 mod 17
% 3" z3% P :14x2 =136 =7 mod 13
*2%23'%3*=3x92 6332 12 mod 13
% 392 3%3%212x9 =108 e moad I3
7. The pnmitive voots of 13 are 3,10,5, 1,14,3,12andb .
(b) One of the prmitive voots o¢ 13 is @ . Find all the odhers:

e @u3=13-1212 5o a"zimodB
$0 all the other primikives are of e form 2

where gcd (4,12)=)
=>t=1,5,7, 1\

% 2'=2mod)3

% 3°22% 2= 10x0 =3x2 = bmad 13

% &:"g ¥xa%= bx4 = 34 = I\ mod 3

% Q"23%a%: ixlbz 1x3 233 =% nod I3

S The primitive rooks ef 13 are 2,600 and ¥.



LSA Algorithm

1. Suppose Alice wants to Send the number a +o Bob

3. Bob Picks two prime nvmberS p and g, @aiwlates N = pxq and
GINY= B (pxq) @ (9) D(Q) =(p-1)(q~) , and Chooles ¥ relakvely pame +o @(N)

3. Bob publisheS £ and N and Leeps p awnd q Secred.
4. Alvce Calculases b=a*(mod N) and §ends it Lpublicly) Yo Bob.

5. Bob Solves 1% 2 b (modN) , and obtains Ht messaqe .

Ex4 (T44-05) Suwose Alice wants +o Send Bob the Secret nvmber a=4 and

Bob has proviced L=\l and N=183. What s the encoded message that Alice
Should send Bob?

How to encrypd a mesfage o, given L and N7
DCalmlate a* mod N
a® = 4" mod 183
> 4%z 1b mod 183
5442432 356 = 33 mod 183
54% = (4%) £ 33%2 5329z 22 mod 183
$4":4%4’4 2 22x1bx9 = 1408 = 123 mod 183
‘. encoded mesfage b=133

Ex3 (TI1-QE) Suppote tmal Alie has sent Bob the encoded message b=9
and Bob Wa s Chosen p=95 and 4=, \p k=19, what is Alice'S orgina meSsage?

How +0 decrypt given o, p,q, and .

> Solve x“=bmodN , where N=pg - @ we can use what we Leamd
> ~'*zqmod 35 \ast week !

B(25) = BR)OB(5)= 6x4:-24

@ (j\cht ch(K) g(ﬂ)) - 30d L\Q,QA):' wc (an -ﬁ'\d a
9cd (b, ) =9cd (4,39)= ) Solvhion |

The Solvhm for x'*=9mod 35 s q? where y is the Solvtion ot 14y = Imada4



@ Solve 14y 2 imod 94

34 =\4x\ +5 —» | =H-4x]|
14:=6x3+4 | = 6- (\&-5x3)x |
5=4x\+|

\= 5-19x) +Sx3

l= 6x4-194x)
1=(24-19x1)x 4 -19x)
l= 34x4 -19x4-19x|
| = 24x%4 + \qx(-S)

» -9 19modaq > y=19

@ The Solvhom  of x'V2 A mod 35
ie. Solve 9'%wad 3S

is x=9"

Q%812 |l mod35

942 (a2)z (W) =120 =lb mod 35
%= (3= (16)* 2 366 = 1 mod 35
g% = (4% = W2z \bwod 35

59%29'%.9%.9 2 5-11-92 1584 = 9 mod 35
. onginal message: 9
Exb (TH-G%) Suppose ot Eve sees that Bob hag provided k=il and N =65 _and
Mice Set Bob Hhe encoded message b=3.wWhat is twe Secred wessuge?
How 40 decrypt given b, N, and €
= Solve x*=bwmoedN
2 %" 23 modb5
@(6S) = B(3) B(5) = 12x4-48

@ Check ch(u @) - 3°d (1,48 )=

We (an pind a
gced (b, n) =gcd (3,09) =1 solvhom |

The Solvhon for x" 23mod b5 s 3" where y is the Solwhin 0% LlyzImadag
© Solve 1l y=|mod 48

4% < x4 +4 > 1=4-3i

N =4xQ +3 | = 4- (1 -4x2) x|

4 =3x1\ 4\ V=2 4-1ix1 +4x2
| =

4x3 - x|



V= (@8-1xa)X 3 -ix|
1= 4%¢3 - 1Ix\2 -lix)
1=48x3 + N Xx(-13)

>Yy=-13239mod 48

(3 The solvhion of %"= 3mod 65 s 1:3°°
i2.Solve 3*° wmod 6S

3" 20 mod b5

3% (@)= 81 = 1b wod 65

3%z (3%)%= 1%z 256 = | =-4 mod b5

3"z (3%)°= (4)%= 1o mod b5

3% (3“’)12 ooz 6l 2-4 mod b5

3%z 3% 3% 32 (-4) %37 2 -10¥ = 23 modbS
S ongwwal message - aa.



