











































































































MATA02 TheMagic ofNumbers
TA AngelaZavaleta Bernuy
Tutorials T2 HW308 Thursdays9 10am

13 AA206 Tuesdays 9 10am
16 MW960 Thursdays 10 11am

Officehours 10404Mondays24pm
email angela Zavaletabernuy mail.utoronto.ca
website angelaZbgithub.io
week 1 Jan 6th
Notutorials
week2 Jan 13th

Today GreatestCommonDivisor ged and LeastCommonMultiple Icm
gcd 6,81 2 Icm 6,87 24

EuclideanAlgorithm If a_bottr OE r b then gcd a b god b r

gcdCaO a
gcd 0 b b

1cmCab AbgCdCab

tx Use the EuclideanAlgorithm tofind gcd 51,96 anduse it tofindthe 1cm151,96
96 51.1 145 D gcd 96,59

51 45 9 t 6 D gcd51,45
45 6.7 t 3
y y

d gcd 45,6
6 3 2 to d gcd 6,3stop

i gcd96,51 gcd51,45 gcd45,6 gcd 63 3

i 1cm96,51 gqtffgg5gg
96
3
51 96 17 1632

If a Ms and b Mt then gcd la b m xgCdcs t

Ext Again butusingthismethod
gcd 51,96 gcd 3.97 3.32 3 godU7,32 3.1 3














































































































Ex2 T1 Q1 Use the EuclideanAlgorithm tofind gcd366,150 anduse it
tofindthe 1cm366 150
366 950 2 t 66 d gcd366,150
150 66 2 t 18 d gcd 15066

66 98 3 t 12 d gcd 66,98

18 12.1 t 6 d gcd 98,92

12 6 2 t O d gcdCd2 6

gCd366,1507 6

ICM366 150 366 150 3666450 69 150 9950gcd366,150

Exd TA Q3 Doesthe equation 12 20y 90 have a solution of integers
x andy

No Because onthe leftside we canfactorout 4 4C3Xt5y
however 90 isnotdivisibleby4
Ex4Doesthe equation 11 1111 121 t 22g have a solution of integers

x andy
No Because the rightside isdivisibleby 11 MCM 2y but
the left sideisn'tas 1111is notdivisible by19

Ex5 TA Q4 If aand bare integers and X is an integersuch thatx'taxtb o
Show that x lb

bisdivisiblebyX
X2 tax tb O
b X2 ax
b X tx ta

Ts is an integerbecause x and a are integers
Becauseb is also an integer then x lb pg

ExdiShow that if alb and bla then a b or a b
alb means that thereexistan n E Z such that an b
bla means that thereexistan me 2 suchthat bm a
Use for can m a anm a nm P














































































































Theonlyintegersn andm that work for nm P are n m Por n m t

When n m 9 a_b by
When A Me A ai b by

Week3 Jan 20th

Ext T2 Qd Find integers xandysuchthat61 51 1
Let'sdo Euclid'sAlgo
6 5 n t A But wait This line heremighthelp

let'swrite it differently 6 g 9 9

Now we need theequation 16 5 a t x4
to equal 4 6.4 5.4 4 a

Thesignsare different 6 4 t 5 C4 4
X y

O In 6 53 4 7 4 y 4

ExdDetermine if the equations hasintegersolutions x andy
eoff 1015 231y 9
eg2 1015X t 231y 28

Find the god of 1015 231

1015 231 4 t 91 l
t

231 91 2 t 49 2

91 49 9 t 42 3
t T

49 42 x A t 7 4
t

42 7 6 t O gcd 1015,231 7

sobydefinition Im n suchthat 1015Mt23In 7

Lookingateqaand eq2 749and 7 28 Soonlyeg2hasintegersolution














































































































Writegodin termsof the values

7 49 42 9 4
49 91 49 9 3
49 2 91
231 91 2 x2 91 121
231 2 91 4 91
231 2 91 5
231 2 1015 231 47 5 l
231 2 1015 51231 20

7 231 22 t1015 15

4 7 231 22 4 t1015xC5 X4
28 231 88 t 1015x 20w

y x

Wewant tofind ageneralsolutionfor 28 1015 2314
Theorems If d gcda b Ic and Xy is an integersolutionofaxtby Cthen so is it bat y aft foranyintegert

In this case D 7 28 and we have 28 1015 2317
we know X 20 and y 88 in a b

Thegeneralsolutionhas X 20 231 t 201 33t
7

4 88 1045 t 88 145T
i Thegeneralsolution is 1015 20133t t 231 88 14513 28

EXI T2 Q2 Find all integers xandysuchthat 30 8y 500 Forwhich
solutions are x and ybothpositive

30 8 3 t 6 i
e t

8 6 x 9 t 2 Z
e

6 2 x 3 to god 30 8 2

2 8 6 X1 2
8 30 837 9 l
8 30 91 8 3

2 8 4 130 11

250 2 8 4 250 t 30 1 1 x 250
500 8 1000 t 30 250

y x














































































































General solution X 250t 8 t 250 At
2

Y 1000 30 t 1000 15T
2

X30 25014 t 30
4 t 3250
t 3121 62.5

2

Y70 1000 15t 3 O
1000 315 t
200 t I 66.6
3

So 62 5 E t E 66 6 t is aninteger
t 6364,6566 to have X and y positive

ExI T2 Q4 Suppose thesophomores juniors andseniorsinthe tutorialdecidedtocollectmoney to host aparty Ifeachsophomorecontributes 25
eachjuniorcontributes 18 each seniorcontributes 10 450will be
collected If thereare 35students howmanysophomores juniors and
seniors are there

X t y t 2 35
25X t 18y t102 450

x 10 10X t toy 102 350
15 89 100

Let'sdo Euclid'sAlg to find the godof 15and8
15 8 X l t 7 i
8 7 X l t l 2
7 l x 7 to gcd 15,8 I

I 8 7X I 2
I 8 15 8 1 x1 l
l 8 2 15 1
I 8 2 115x tw

y x
butthere cannotbe anegativesolution

100 1 8 2 100115xCl x100
100 8 200 15XC100














































































































General solution X 100t ft 100 8t

Y 200 1,5ft 200 15T

Weneed tofind X30 y30
100t8T30 200 15t 30

8t 3100 200315t
t 32 12.5 13.5 4133t

12.5 E t E13.5 and t is an integer
7 13 X 100 8 13 100 t 104 4

y 200 15 13 200 195 5

Xt y t Z 35 4 51 2 35
2 26

ExI T2 Q5 Showthere are infinitelyprimesof theform 4t l where t is
an integer

Let'sdo a proofby contradiction Whichmeans we will assume there
are only a finitenumberof primes of theform at I we will call
them pi Pa Pr

Let N pPa Pr and let'sconsider thenumber4N t By our initial
assumption 4N d is notprime so it has aprimefactor
Weclaim4N I has aprimefactorofthe form 4t l

Now let'ssee what happenswhen we multiply 4 1 and 4ytl
4 1 layH 16XY t4 143 1 4 4xytxty t 1

Whichmeans 4N I musthave aprimefactor of form4T I Since 2 is
notafactor
Sothere is a pi suchthat pi14N I Then aspi1N we have pill Which
contradicts

There are infinitelymany primes of theform At 1

Week 4 Jan 27th

If n is composite then it has a primedivisorpsuchthat p E ith














































































































Todetermine if n is prime checkwhethereach of theprimenumbers
up to IT divide n

EXILT3Q1 which of the followingnumbersareprime
a 407

11407 221 whichmeans that weonlyneedtocheckfor primes upto20

primesup to 20 42,35,7 19,93 17,99
2 407 Nope 407 2 20319

3 407 Nope 407 3 1351 2

5 407 Nope 407 5 81 2

7 407 Nope 407 7 5819

49 407 Yee 407 99 37

i 407 isnt prime

b 463

146 3222 whichmeans that weonlyneedtocheckfor primes upto29
primesup to 29 42,35,7 19,93 17,99
2 463 Nope 463 2 239 9

3 463 Nope 463 3 154 9

5 463 Nope 463 5 9213

7 463 Nope 463 7 6619

99 463 Nope 463 99 4219

93 463 Nope 463 93 3518

97 463 Nope 463 17 27 4

19 463 Nope 463 19 24 7

463 is prime














































































































SieveofEratosthenes Tofindallprimenumbersbetween a andb caEb
foreachprimepup to IT crossouteverymultipleof p Theremaining
numbers are primes

EXI Find all primesbetween 235and 265
4265 217 whichmeans that weonlyneedtocheckfor primes upto 16

primesup to 16 42,31,71113
235 236 237 238 239 240 249 2421 244 244

245 246 247 248 249 250 259 252 245 254

255 256 257 258 259 260 269 262 263 264

265

Step 9 crossout all s that aredivisibleby2
Step 2 crossout all s that aredivisibleby 3
Step 3 crossout all s that aredivisibleby 5
Step 4 crossout all s that aredivisibleby 7

pgstep 5 crossout all s that aredivisibleby
step 6 crossout all s that aredivisibleby92
i Theprimesin between 235and265 are 4239,249 259,257,2633

Exist3 Q2 Find all primesbetween 201 and 250
4270216Whichmeans that weonlyneedtocheckfor primes upto 15

primesup to 15 42,31,71113
201 202 2013 204 240 200 207 2018 209 290

299 292 293 294 295 296 297 298 299 220

229 242 223 224 225 226 227 228 229 230

239 232 233 234 235 236 237 238 239 240
241 242 243 244 245 246 247 248 249 250

i Theprimesin between 209and250are 4299,223 227,229,233,239,2413














































































































EXEIT3 Q3 Find theprimepowerdecomposition foreachofthefollowing
a 437 49 23
b 709 709

c 876 22 3 73

Anelement x of a set iscalled a unit if thereexistsanelementy
such that xy A

Anirreducible is a non unit elementof Awhoseonlypositivedivisors are
itself units andproductsof itselfandunits
Ex Canwe write a in two differentproducts of irreducible A 3 ttl
400 4 25 90 90

EXE IT3 Q4 Considertheset containingpositiveintegersof the form 5t t l
Findanelementof B with twodifferentirreducibledecompositions inB

f I 6 2 3
t 2 pg pp
t 3 96 24
t 4 29 3 7
t 5 26 2 13
t 6 39 39
f 7 36 2232
t 8 41 49
t 9 46 2 23
t IO 51 3 17
t I 56 23 7

Any common factors 243,7
24x3 7 336 33519 5 67 t9

Howcan we decompose336 Remembertheyneed to be in B15THform
T

2 2 2 2 X 3 7 336 56 6 16 29
bothare irreducible

ExILT3 Q5 Suppose n is composite and let pbethesmallestprimedivisorofn
I f p 21Tshow that nlp is prime
Supposenlp is notprime Then nlp gxr where g rCZ Sincep is the
smallestprimedivisorof n then p e g and pe r














































































































n pxqxr3p3 3173 n
urn

n n impossible

in pis prime
Week 5 Feb 3rd

Ext TG Qd Find theprimefactorizationof the productof4460 and6946
4460 2 69462
2230 2 307.3 7
L2535223 check 711,13 43,9439 cbhefcakujel.lygg7il9
I because41273

SO 4460 225 223 and 6946 2 7 439
4460 6946 22 5 223 112 7 439

23 5 7 2234439

ExdCTA Q2 whichof thefollowing is the square of a fraction
a 31530nFoddexponent
26

b 3222 Yes 3 2 2

5778 52 74
3 2c 361 Yes a

7327223

d 13234 Yes 13 3212

EXI T4 Q3 Usingprimefactorizations computethe gcdand1cm of
7200and 4374

72002 4374 2 7200 2 2 2 2212x3 3 5 5
36002 2187 3 25 32 52
18002 729 3
9202 42 24g I 3 3 3 3 3

753 93
25 5 33
55 A
9














































































































Forthegod we will consider the commonprimefactorsandsmallest
exponents

7200 253252 4374 2 37

gcd 7200 4374 2 32
Forthe 1cm we will consider all primefactorsand biggestexponents
7200 253252 4374 2 37

1cm 7200 4374 253752
Euler'sNumber n toget the numberofnumbersfrom a ton that are
relativelyprime

If p is prime then 0 p p I

If p isprime then pm p 1 pm
If m andn are relativelyprime then 0cmn m n

Letn pie prerbethe prime factorizationof n then0th n xP 12

ExI Calculate the following
a 48 0 24 3 48 221 331 24 3 21 23 24 16

b 480 0 25 3 5 480x221 331 551 25 3 5 12x x75 2 128

c 014800 026 3 52 4800 221 331 551 243522123 15 285 1280

d 0 55 0 5 11 015 x Il 5 1 Il l 4 10 40

55 551 5 11 451,1 40

e 0C89 89 1 88

f 32 25 2 1 25I 24 16

ExI T4 Q5 Findfour values of n suchthat n 8 23
Remember 0 2K 2K 0137 2 5 4 22














































































































Thenfor n 8 0 2 7 23 lb

0 33015 8 0115
013 0 231 8 0 24

0 29015 8 0203

0116 045 0h24 207 8
Week6 Feb40th

Ext I 5 Qd Calculate the following
a Howmany numbers between9and287 are notmultiples of 7 or49

Way

Multiplesof 7 between Pand287 28,1 49

Multiplesof41between Pand287 2 7 7

Multiplesof 7and49between Pand287 2872 9
tsomts

7 49

287 49 7 t 9 240
Gtotal s Gmutts
between ofboth
1and287 7and41

Way ONLY because 287 7 49 andgcd 7,411 1 thenumbers
that are not multiples of 7 or 41 are numbers relatively primeto 287

01287 0 7 41 0 7 0 41 7 l 41 l 6 40 240

Thereare240numbersbetween 9and287 that arenotmultiplesof 7or49

b Howmany numbers between9and 363 are notmultiples of 3 or99

Way

Multiplesof 3 between Pand363 363 121
3

Multiplesof99between Pand363 363 33
pA

Multiplesof 3and19between Pand 363 363 91
3 99














































































































363 121 33 99 220

Way ONLY because 363 3 112 andgcd 3,11 l thenumbers
that are not multiples of 3 or19 are numbers relatively primeto363

3631 0 3 112 013 IR 3 l Il l 11 2 10 11 220

Thereare 220numbersbetween 9and363 that arenotmultiplesof 3 or99
c Howmany numbers between9and 78 are notmultiples of 2,3 or 13

Way

Multiplesof 2 between Pand 78 78 39
2

Multiplesof 3 between pand 78 78 26
3

Multiplesof13between Pand 78 8 6

Multiplesof 2 and 3 between pand 78 78
2 3

93

Multiplesof 2 and93between Pand 78 78 3
271

Multiplesof 3 and 13between Pand 78 71 2
3 13

Multiplesof 2 3 and 13 between Pand 78 71 9
2 3 13

mutts muttsof
qomfftfomfuztsof.cz boatha I mabtsanofd13

78 39 26 6 t 93 t 31 2 9 24
Gtotal s Gmutts Gmutts
between ofboth ofboth
1and78 2and3 3and13

Way ONLY because 78 2 3 13and2,3 and13 areprimes thenumbers
that are not multiples of 2 or 3 or 13 are numbers relativelyprime
to 78

0 78 0 2 3 13 0 2 3 i3 2 1 3 1 13 1 1 2 12 24

Thereare 24numbersbetween 9and 78 that arenotmultiplesof2,3 or13

Ex2IT5 Q2 calculate the following
a Howmany numbers between9and154 are notmultiples of 7 orM

Multiplesof 7 between Pand954 1571 22














































































































Multiplesof11 between Pand954 95 94

Multiplesof 7and19between Pand 154 954 2

954 22 9412 120

Thereare 120numbersbetween 9and154 that arenotmultiplesof 7 or99

ModularArithmetic
at bin Mod h is equal to the remainderof atbafterdividingby n
ie A b modn when nIca b

Ex3Calculate the following
a 21 5 mod4 215 3 mod4

b 95t 13 mod96 15193 12 mod16

c 22t 8 mod29 221 8 1 mod29

d 291 8 mod29 29 8 0 mod29

ExI Make an additiontable formod4arithmetic
t O A 2 3
0 p 319 212 913 4
A 9 2 3 0 4 0mod4
2 2 3 0 9 312 2 3 5
3 3 0 A 2 5 9mod4

313 6
6 2mod4

EXILT5 Q4 Makean addition table formod9 arithmetic
1 0923456780O 1 2 3 4 5 6 7 8
A d 2 3 4 5 6 7 8022 3 4 5 6 7 8 O l
34 3 E E E I g g g g
5 5 6 7 8 0 A 2 3466 7 8 0 A 2 3 4577 8 O 1 2 3 4 5688 0 A 2 3 4 5 6 7




















ExdLT5 Q5 Supposetoday is Saturday Whatdayof the weekwill it be200
daysfromnow7days
200 mod7 4 or 200 4mod7
i It will be 4 daysafterSaturday Wednesday

ExI Suppose we are inApril Whatmonth will it be 37monthsfrom now
A 12months

37mod12 t or 37 1mod92

It will be amonth after April May
week 7 Feb 17th

Readingweek Notutorial
week8 Feb24th

Ext TG Q1 calculatethefollowing
a 35 mod80 35 80 35 45mod80

b 37 mod42 37 42 37 5 mod42

ExaLTG Q2 Calculatethefollowing
a 34 63 mod73

ay changethe numbers to theirmodequivalentand then computeit
34 63 I 34 t C63 I 34 t 73 63 34 t10 44 mod73

Way computefirst and then find theirmodequivalent
34 63 I 29 I 73 29 44 mod73

b 61 40 mod71

way i 61 40 6 It 71 40 6 It31 I 92 21 mod71

Way 61 40 21 mod71

c 5 8 mod75

way i 5 8 51 75 8 5 t 67 72 mod75

Way 5 8 3 I 72mod75



d 81 72 mod85

way i 81 72 81 85 72 81 t13 94 I 9mod85

way 81 72 9mod85

Eid TG Q3 Calculatethefollowing
a 3 4 mod88 3 4 12 mod88

c 11 14 mod90 11 14 154 I 64 mod90

ExI TG Qd Calculatethefollowing Alwaysshowsteps

a 82mod11

way i 82 8 11 L372 9 mod11

Way 82 64 I 9 mod11
b 25mod12
25 32 8mod12
c 99mod13

way i99 1419 is thisany better No C

Way 99 989 9449 181 9 I 349 81 9 I 3 9 27 I 1 mod13

d 512mod14
81 3mod13 I

512 576 256 25 I 11 3 mod14

way i 116 1 2 1213 121 9 I 5 mod14
81 11mod14

A I93 929 I81 9 11 9 99 1mod14n

B L513 1514C5 525 15711xC5 I 55 1mod14

Way I f3 81 11mod14
A L3 l 3

2 81 9 I 11 9 99 1 mod14

B I l 3 C33 IC27 27 I C1 C1 E ILmod14



ExI Make a multiplication table for mod4 arithmetic

09230O O O O

p am
2
3 3 3 9 1mod4

ExtLTG Q5 Make a multiplication table for mod9 arithmetic

110923456780O O O O O O O O O symmetric
A 0 A 2 3 4 5 6 782O 2 4 6 8 I 3 5 7
34 8 3 g g E g g 3 E
5 O 5 I 6 2 7 3 846O 6 3 O 6 3 O 6 3
7 O 7 5 3 I 8 6 428O 8 7 6 5 4 3 2 I

EXI 46 Q6 Supposetoday is Sunday Whatdayof theweek was it150daysago
150 7 21 t 150 3mod7

3daysagofromtoday Sunday Thursday

ExI T6 Q7 Supposeyouhave 17quarters and each packageof M Ms costs95cents If youbuy as many as possible howmuchmoney willyou have
leftover
75 25 425cents or 4.25

425 95 41 45 425 45 mod95

You can get4 packages and have 0.45 left
Week9 March 2nd

ExtLTGQ1 Findthe smallestnonnegativeintegerx suchthat
a x 30 mod13
4 30mod13 X 4

b X I 19 mod13
6 7 mod13 X 7



ExaCTFQ2 Findthelargestnegative integer x s t
a XE38mod42
38 42 4 mod42 X 4

b X E 40mod42
40 42 I 2 mod42 x 2

ExdCT't Q4 Compute thefollowing
a 27 26 mod29

27 26 I C2 xC3 I 6mod29
b 45678904X45678905 mod45678903

45678904 45678905 i x 2 2 mod45678903

c 85 87 mod86

85 87 I CI X I I I E85 mod86
d 71 75 mod73

71 75 C2 x 2 4 69mod73

e 35 52mod16

35 52 I 3 4 12 mod16

f 3456782X2145781 mod3

3456780 is divisibleby 3 Why 3 4 516 71 8to 33 3 33
2145780 is divisibleby3 Why 2 114 5 7 8101 27 3 27

345678012 X 2145780t l Lot2 x Otl 2 mod3
Cancellation

If a E bc modn andgcd Sh I then a b modn

If a E bc modn andgcd Sh D then a b modMd

EXI 17 05 Solve the following
a 3x I 2 mod16

2 18mod16 3X 18 mod16



Because gcd 3,161 1 3x 18g mod16

x 6 mod16
b 5X 2 mod16

2 18 34 50 I 66 511 50 mod16

Findthe divisible
by b one

Because god 5 16 L 5 I 5oz mod16

x I 10 mod16
c 2 74 mod12

Because gcd 2,127 2 221 I4g modify

x I 2mod6

EXI Tt Q6 Prove thatno integerof theform 9tt4 is thesum ofthree
Wbls

Fa b C S t 93 63 03 91 4
a3 63 03 4 mod9

03 0 Moda 33 0 mod9 63 0 mad 9

13 1 mod9 43 l mad9 73 1 mod9

23 8mod9 53 8 mod9 83 8 mad9

So X3 0 I 8mod9

Thereis no combination that willgive4 KB
week10 March 9th

Ext Q4 18 Compute the following
a 6 mod22

6 E1636Ell62573 mod22



62 36 14 8 mod22
64 I672 1832 64 20 I 2 mod22
612 64 C2 3 8 I 14 mod22

b 108mod18
102 100 I 10 mod18
104I4032 102 I 100 10 mod18
108 404 4 102 100 10 mod18

Exd Q1 T8 Compute thefollowing
a fo mod137 Because gcd 10,13 L mod13 exists

Way Weneedtofind what multipleof 10 has 1mod13
10 4 40 Imod13 to 4 mod13

way Euclidean Algo
13 10 1 t 3 I 10 3 3
10 3 31 1 I I O 1340 1 3

I 10 13 3 t 10 3
I I 0 4 13 3

Tlivisible by131 10 4 mod13
to 4mod13

o fomod41 Because god140,41 L mod41 exists

40 I C1 mod40 t C1 I 40 40 modal

I 40 modal

d
2
mod501 Because god422,501 L 1 mod501 exists

122

501 122 41 13 I 3 2 1
122 13 9 t 5 3 5 3 1 x I
13 5 21 3 3 5 3
5 3 11 2 3 2 5
3 2 1 t I



13 5 23 2 5
13 2 5 5
13 2 122 13 93 5
13 2 122 51 13 45
13 47 122 5
501 122 4 X47 122 5
501 47 122 188 122 5
501 47 122 193

1 501 47 122 193 122 1 193 122 308 mod 501

1212
308mod501

f mod417 Because gcd 12,41 L 4 mod41 exists
12

41 12 31 5 2 12 5 2
12 5 21 2 12 41 12 33 2

E'needto 12 41 2 t 12 6
getto4 2 12 7 41 2 X 2

4 12 14 41 4

4 12 14 41 4 12 14 modal

1,12 14 modal

EXI Q2 T8 solve the following
a 2X 3 mad21 gcd2,217 1 mad21 exists

I 22mod21 I 11 mod21

X I 3 11 I 33 12 mod21

b 671 9 mod21 god16,21 3 so weneedto use cancellation3 3 3

2X 3mod7 gcd12,77 1 Imod7 exists
1 8 mod7 8 2 4 12 4mod7

X 3 4 12 5cmod7



EXI Q3 T8 Findall thereciprocals of non zerovaluesmod13
Ifat b then Ly Ia and Ia b

hl 2 3 4 5 6,7 8 9 I0 I1 123
Want tofind a pairof tts thatmultipliedtogether itsproduct
is 1mod13

I II
l x l Imod13
12 12 144 Imod13 I 1

2 7 14 Imod13 2 7
7 2 14 Imod13

3 9
3 9 27 1mod13
9 3 I 27 1mod13 4 10

4 10 40E lmad13 5 8
10 4 I 40 1mod13

6 11
5 8 I 40 1mad13
8 5 I 40 E l mad13 7 2

6XIl I 66 1mod13 8 5
11 6 66 Imod13

9 3

10 4

11 6
12 12

Week11 March16th
Fermmat'stheorem If p is primeand p ta then a emadp

ExICompute the following
20 3 1 2a bmod3

Checklist Check
A Is pprime ygiysgpn.me

wuesecan

a Pta Fermat's

52 1mod3



Wecould alsosolve it straightforward tocheck itworks
52 25 Imod3 25 3 8 t l

b IT9 Q1 16280mod29
291

Check ByFermat'sTheorem29 isprime29116 1628 1mod29

c IT9 Q1 14 mod5
Check lo a

ohno

if 5 isprime This tells us we can useFermat'stheorem
5414 butthe exponent of 14 is Not 5 l Nowwhat

Well 1410 144 142

found it now we can computeeverything separate
144 1mod5 byFermat'sTheorem
14 4 I Imod5
1410 11442142I 121132 1mod5

d IT9 Q1 7436mod5
Check Wecan useFermat'sbut weneedto
15 isprime findawaytobring74 in547
7436 74 09 1109 Imod 5 by Fermat'sTheorem
e IT9 Q1 525mod7
Check WecanuseFermat'sbut weneedto
17 isprime findawaytobring56 in
775

Let'sdo somedivision 251 6 41 5 525 56141 55
56 1mad7 by Fermat'sTheorem
55 545 C245 16 5 I 2 5 10 3mod7

i 525 5441 55 1 X 3 3mod7



ExI 19 Q2 Usethe Mod7 Powertable below findall solutions
to thefollowing

b I 2 3 4 5 6
a x3 5 mod7 bI I 1 1 1 1 7
Lookat all cubes thiscot
Nonegiveyou5 2b 2 4 1 2 4 1

b X4 2 mod7 3b 3 2 6 4 5 9

Look at this coli 4s 4 2 1 4 2 1
Twovaluesgiveyou 2 215 gb g 4 6 2 3 1
c X5 1 mod7

bb 6 1 6 1 6 1
Lookat this cool
I givesyou9

d X5 4 mod7

Lookat this cool
2 givesyou 4

ModularRoots Wesay a is k throot of b modn if akeb modnt

UniqueRoots Let pbe a prime If godCK p 11 1 then theequation Xk blmodp
hasexactlyone solution Ifgcd K p l 11 then theequation xk bCmodp has
either no solution ormultiplesolutions

If gcd K p 11 1 then xk bCmodp has solution but where y is thesolution toKy 1 modD l

ExI 19 04 Solve the following
a 119 2mod17

god9,161 1 uniquesolution

we know X9 2 mod17 has a solution 2 where y is the solutionof
9y mod16

Solve 9y ILmod16
Euclidean 16 9 11 7 1 7 2 3

9 7 1 2 I 7 97 1 3
7 2 3 t l l 7 4 9 3

I lb 9 17 4 9 3
I 16 4 t 9 17



9C7 l mod16 9C7 I 9 16 7 9 9 1mod16

y 9
Solve 2129 which is the solutionof X9 2 mod17
i e Solve 29mod17
29 124122 I6 22 I C1212 2mod17

b x5 3mod471

god5,461 1 uniquesolution

we know X5 3 mod47 has a solution 3 where y is the solutionof
5y mod46

Solve 5y E ILmod46

Euclidean 46 5 9 t I I 46 5 9
I 46 5 1 9

5 1 9 I 1 mod46 5 19 I 5 46 9 5 37 Imod46

y 37

Solve 33 337 which is the solution of 15 3 mod47

i.e Solve 337mod47
337 3363 I 332343 mod47

32 9mod47
34I 81 34 13mod47
38 3432I C1312 169 I 28 I I9 mod47
316 3832 C1912 361 I 32 15mod47
332 31632 14532 I 225 I 37 I 10mod47
337 332343 L IO C13 3 Ill 30 I 6 3 I 108 14 mod47

week12 March23rd

Euler'sTheoremm let n be apositiveinteger If nand a are relativelyprime
then a0cmI Imodn

Extcomputethefollowing
a TAO Q1 320mod25



Checklist

Iffgcdcna L god25,33 1
0 n 0 257 0152 5 5 1 5 4 20 exponentof39

ByEuler'sthin 320 30125 Imod25
18

b 4 mod27

checklist
iffgcdcna L god27,47 1
0 n 01271 0133 33 3 1 9 2 18 exponentof 4

ByEuler'sthin 418 40127 Imod27
780

c 9mod7
Check WecanuseFermat'sbut weneedto
7 isprime findawaytobring96in749

9780 g6
30 1130 1mad7 by Fermat'sTheorem

Checklist

59Cd7,97 17 0171 7 1 6 780 130 6

96 90 Elmod7

ByEuler'sThm 978 96 1
30 1mody

d IT9 Q1 7436mod5
Check WecanuseFermat'sbut weneedto
15 isprime findawaytobring74 in547
7436 74 09 1109 Imod 5 by Fermat'sTheorem
Checklist

59Cd15,77 10 5 5 5 1 4 436 109 4

74 7045 Imod5
109

ByEuler'sThm 7436 74310 l Imod5

If a andn are relativelyprime a II Modu so if mdivides01h with
remainder r then am arcmodn



e TAO Q1 519mod28

checklist

59Cd28,53 10 28 01281 022 7 0122 7 2 6 12

Dothedivision algorithm with 283 12and19
r

19 12 1 1 519 57mod28

ByEuler'sThm 519 57 I 56 5 1 5 I bmod28

56 5213 125 I C33 27 1mod28

f TAO Q1 4386mod51

checklist
FfgCd51,43 10 51 01511 0 3 17 0 33 047 2 16 32

Dothedivision algorithm with 0C513 32and386
r

386 32 12 1 438 42mod51

ByEuler'sThm 438 42 I 16 mod51
UniqueRoots If godCK01h 1andgcdlb n L then theequation Xk blmodn
hasexactlyone solution

If godCK01h 1andgcdlb n L then theequation Xk blmodn hassolution but
where y is the solution toKy L mod n

Exd TAO Q3 Whichof the following have a uniqueSol
a X3 5 mod18
K 3 b 5 n 18

0118 0 2 32 0 2 x 0 32 2 1 3 3 1 6

gcd 3 6 3 1 1 and gcd 5,183 1 not uniquesolutionPo

b x I 6 mod18
K 4 b b n 18

0118 0 2 32 0 2 x 0 32 2 1 3 3 1 6

gcd 4 6 2 11 and gcd6,183 611 not uniquesolutionto



g g 9
c x5 7 mod18

K 5 b 7 n 18 04876

god 5 6 1 andgcd7,187 1 uniquesolutionDo

we know X 7 mod18 has a solution 7 where y is the solutionof
59 1mod6
Solve53 1mod6
6 5 1 1 1 6 5 1

1 6 1 15 Xfl

bXC1 I 5 5 25 LModo

y 5
Solve 73 75 Which is the solution of 15 7 mod18

i.e Solve75mod18
72 49 I 13 5 mod18
74 72 C5 2 25 7 mod18

75 74 7 I 7 7 13mod18 ie X 13 mod18

d X5 5 mod18

K 5 b 5 n 18 04876

gcd 5 6 andgcd5,187 1 uniquesolutionDo

we know X5 5 mod18 has a solution 5 where y is the solutionof
59 1mod6
Solve53 1mod6

6 5 1 1 1 6 5 1
1 6 1 15 Xfl

bXC1 I 5 5 25 LModo

y 5
Solve 53 55 which is the solution of 15 5 mod18

5i e Solve 5 mod18



52 25 I 7 mod18
54 5232 72 49 I 13 mod18
55 54 5 I 13 5 65 11mod18 ie X Il mod18

week13 March30th

Ext Ttt Q1 solve the following
a X3 5 mod16

K 3 b 5 n 16 046 0124 23121 8

Check gcd K 01in gcd 3 8 I f a unique solutionexistsgCd b n god 5 16 1

Weknow b mod16 has a solution54where y isthesolutionof
39 1mod8
Solve 3yElmod8
8 3 2 t 2 I 3 2 1
3 2 1 t l l 3 8 3 2 x

I 3 8 11 3 2
I 3 3 8 1 l

y 3

Solve53 53 which is the solution of 713 5mod16
i e Solve 53mod16
52 25 9mod16
b3 5 52 5 9 45 I 13mod16
x 43mod16

b x7 3 mod25

1 7 b 3 n 25 0257 0152 5 1 5 20

Check gcd K 0in gcd7,207 1 a unique solutionexists
gCd b n god 3,25 1

Weknow It 3 mod25 has a solution3Y where y isthesolutionof7y Imod20
Solve 7y Imod20



20 7 2 t 6 1 7 6 1
7 6X l t l l 7 20 7 2 Xl

I 20xCl t 7 3

y 3
Solve33 33which is the solution of X 3 mod25

ie Solve33mod25
33 27 E 2mod25

x 2mod25

Theorder of x modn is the smallestpositiveinteger t suchthat
Xt Lmodn
Suppose thatgodla n L and a hasordert moan Then t10Cn

ExdFind the order of 9,2 3,4 mod5
t IImod 5 t I

2 Imod5

22 4 Imod5
23 8 Imod5

2 16 El mod5 t 4

3 Imod5
32 9 Imod5
33 27 Imod5

34I 81 I Imod5 t 4
4 Imod5

42 16 Elmod 5 t 2

9 hasorder9 2 hasorder 4 3 has order4and 4hasorder2
mod5
If a is a least residueand theorder aCmodn is 0cm then a is
called a primitive root of n



Suppose that a has order t modn Thenak has order t if andonlyif
gcdK t I

EidFind the primitiveroots
a Ttt Q3 One of the primitive rootsof 17 is 3 Findall theothers
i e 047 16 SO 316 1mod17
So all the other primitives are of the form 3TwheregodLt161 1
t I 3 5,7 9 11 13 15

3 I 3mod17
33 27 10 mod17

35 33 32I 10 9 90 5mod17
37I 3532 5 9 45 11mod17
39 3732 11 9 99 14mod17
3 I393214 9 E126 7mod17
313 3 x32 7X9 63 I 12mod17
315 31332 12 9 108 6mod17

I Theprimitiveroots of 17 are 3,10 5 11,14 7,12and6
b Oneof the primitive roots of 13 is 2 Find all the others
i e 043 13 1 12 so 21 Imod13
Soall theotherprimitives are of the form2TwheregcdCt127 1
t I 5,7 11
2 e 2mod13

25 24x 2 16 2 I 3 2 6mod13
27 25 2 6 4 24 11mod13

2 I 27 24 11 16 11 3 33 7mod13

The primitiverootsof 13 are 2 6,11 and7



RIAAAlogarithm
1 SupposeAlicewantstosend the numberor to Bob

2 Bobpickstwo primenumbers p andg calculatesN pig and
N 0 pxg 0 p 0cg Hp1 oft and chooses k relativelyprimeto01N

3 Bobpublishes Kand N andkeeps pandgsecret

4 Alicecalculates beakmodN and sendsit publicly to Bob

5 Bobsolves XK I bLmodN andobtainsthemessage

ExI Ttt Q5 SupposeAlicewants to sendBobthesecretnumbera 4and
BobhasprovidedK H and N 183 What is theencodedmessage that Alice
shouldsendBob

Howto encrypt a message a given Kand N

calculate a modN
ak 4 mod183

42 16mod183

44 1432256 I 73mod183
48 445 732I 5329 22mod183
4 48424 22 16 4 I 1408 I 127mod183
i encodedmessage b 127

EXILTH Qb SupposethatAlicehassentBob theencodedmessage b 9
andBobhas chosen p 5and4 7 If k 19 what isAlice'soriginalmessage
Howto decryptgiven b p g andK

Solvexk bmodN where N pof Wecan use whatwelearnt
X 9 9mod35 last week

35 0 7 0 5 6 4 24
Check gcd K Cn god 19,241 1 We canfind a

gCdlb n god 9,35 1 solution

Thesolutionfor X 9 9mod35 is 93where y is thesolutionof layElmod2



Solve 19y Imad24

24 19 11 5 I 5 4 1
19 5 31 4 I 5 19 5 3 x I
5 4 11 1 I 5 19 1 5 3

I 5 4 19 1
I 24 19 1 x 4 19 1
I 24 4 19 4 19 1
I 24 4 t 19 15

5 19mod24 y 19
Thesolution of X9 9mod35 is X 919
i e Solve 919mod35
92 81 11mod35
94 19232 il 121 16mod35
98 194 1672 256 11mod35
916 1982_ 112 16mod35
919 916 92 9 16 11 9 I 1584 9mod35

i originalmessage 9

Exd TH Q7 Suppose that Eve seesthat Bobhasprovided Kell andN 65 and
Alice setBobtheencodedmessage b 3 What isthesecretmessage
Howto decryptgiven b N andK

SolveXk bmadN
x 3mod65
65 063 015 12 4 48

Check gcd K n god 11,481 1 We canfind a
gCdlb h god 3,65 1 solution

Thesolutionfor X 3mod65 is 33where y is thesolutionof llyElMook
Solve Ily Elmod48
48 11 4 t4 1 4 3 1
11 4 2 3 I 4 Il 4 2 XI
4 3 1 tl I 4 11 11 4 2

I 4 3 11 1



I 48 11 4 X3 11 1
I 48 3 11 12 11 1
1 48 3 t Il x l 13

y 13 35mod48
Thesolutionof X 3mod65 is 7335
ie Solve335mod65
32 9mod65
34 342 81 I 16 mod65
38 3412 162 256 I 6I 4mod65
316 138 C4 2 16mod65
332 36 162 61 I 4mod65
335 33 3 3 C4 x27 I 108 22 mod65

i originalmessage 22


