MATBA44 - Tutorial b (1C330 Fridays 10-1iam)
TA: Angela Zavaleta-Bemuy
email: angela . Zavaletabernvy @ mailvtoronto. (a
wWebSide : amgela Zb. giHnub 40
week 4 - Sept. bth

NoO {tvtovials
Week & - §ept. 13th

obe: ¥(t, %2, ..., x"*")=0

t - ndependent variable
X - dependent variable
X is afunchon of t i.e. a(t)

The ‘order i§ +he highest derivative that appears n F.
The sySkem is linear if we can cewrite it 10 sepowait ovt he xg)'s a$ fokows:

) 1) V-'\ K
Xy = 9, (t) +§§ £ij,1 0 v

Ex: (4+ t‘)x‘+atx)=4t

By produck rute: d [(4+t¥)a] = ata + (a?)x’

dt
> d [(a+t*)a] =44
dt
= (Art¥)a = at*+ C
D W)= at2 + C
4q+¢?

The sysikem is homogeneovs it g ltl=0
I§there i§ no dived dependance ont, the Sysiem is avtonomous. Form x' = $(x)
Ex: Classipy the pollowing equahons:

xx ix = %ef“ Ist ovder, linear

% 34xxl=t-% 1st ovder, non linear



¥ 2'¢6x'+ bx=0 and oror, linear , hamogeneovs, avionomevs

* x'=tsinx ist order ,non linear

* -X =0 and order, linear , hamogeneovs, avonomevs
¥ tx' +4dx = 44 ist ovder, linear

* x'-2x+t=14 Ast order, linear.

Ex: Solve x':=x* with %,=%(0)>0

@ Lx = Xz = d! = dt
dt x2

..)[dx - [dt

-4 -t+4¢C,
x
= x=__|
‘Cc't
wWhen %(0) = -1 =% $0 x-=__|
t -t
Xxo

@ £ :x*, a maximal nonzero mievval is (x, X2)=(0, )

F(x) = I - ¥=2 2 -l L -l
0B Ylypn % ¢le)= F(e)
Ty=lim F) = lim -L + L = L | so @isdepined gorall £>0
12%y Xy X Yo Xo

t=F(F'@®) = - | o
F'(t) %o




Weekd - Sept.Q0th
Ogpice HourS: Wed. 10-llam 1C404

A particvlar soluhon iS a Solvhon that has no arbitrary constant. A

neral §olvhion is a K-parameder foamily of golvhion$ +hat contain ever
%ﬂiwhl Solvhom ! J

A separable pirst-order ODE is an ODE Hhat can be rewnten OS:
Ae,x): g)E(X).  (or GlLe)dt + $a)dx=0)

= dx - glﬂt—(x)
dt

®  dx - gk)dt
$(x)

> dx - | q@t)dt x) #0
i [a , §

EX: Show ‘nat e eguation % (t,X) = _t. is separable and solve.

I-x?
Let JK)=_L_ and §lt)=t'
’-xt
> fl-xldfx : [4dt
3

x‘Z— f“'cl
3 3

3x-x3 -1’ = ¢ ceR
Ex: Solve the equation éif: %;t: and find tine Solvhion Passing Awrough
the goind (0,1)
> (4+x®)dx = (4t- t°)d+
flar xox - Jue-t9at
4+ 3% = av- 4+ C,
> lbmm?‘-%t‘ft‘ic , L6,
when (0,1) > lb+1 =13
Solox 4+ x84 =13



let 2= fxy) be o funchion of % andy, £(x,Y) is homogeneous of order n i¢
it a’z‘n be written as_ £(x.4)=Xx"g(u), where u:;_ or £(x.§)=y"g(u), where
nm=4.

v
PL,yldx + Qx4 dy =0 where Pxy) and QUx.4) are ¥he homogeneous
Coeffiuents and win be solved by subghifvting y=ux, dy-udx+xdu

Ex: find e general solvtion of txx'= $+ 222
> ) [tn‘-. t‘ux‘]
t’l

1x' = 1+t led =X S0 x=ut
t 2 t x': w+tw

2 u(ustw) =142
wtu'w = 14238

tu'un =1+l

Uu -l > OMG! This is separable!
+u +t

J_u’lh‘ = J Ldt let v= Hl&z
1+l t dv= 2ndwn

.!j(i! - Inltl+C,
QJ Vv

al_lnllm‘t = Inltl+C
Slinfig ] -Inlkl =0
R

A dipperenhial expeession . P(x.4)dx + Qay)dy i S alled an exatt dipterential ip it is
the fotal digfecential of gome punthion £0xy).

ie. if Du,g)dx f(x.y) and G(x.y) =ls#t*as)-

2 ?

If we con gind ((xy) , #HxY)=C is the \-gaiomeler family ¢ SolvHonS.

Pxy)dx + Quay) dy = 0 is exadh ipp 2P(xy) - Q1Y) .
[} (2

€x: Tind he general Solvhm of y's _ 1+2xy’
I +ax’y
> (I+3.x’5) y'=- (Haxg‘) *
U+2xy2 )+ (Han2y)y'= 0

Is ot exact?  P(nyg) = waxy? Qx,y) = 1+ax%y

WY - A%y ¢=> Wap=axy
Y IX



let's take Px,y) . we know Plxy) = 3 f(x,y)
X

= Ip(“,s) dx = f(x,9)
Ildm@d*x = %+ 2%y +9(y) = {lxy)
= D M) : . = QU 1§ = d
> 2 ig): 2y gly) - Olug) - 1+ 0y

0 g'ty)=1 > gly=y
o '1&11314"5 =C
Week4 - §ept.2ith

Aninkegrating gactor (IF) will convert on inexact oD P(x,y)da + Qlay dy = 0
ito an exad™ ODE IF P(xyydx + IF Qay dy=0

Given adj A+ ?(x)»!’ =a(x) o kvwown IF is eIPlz)dx
x
Ex: find twe W!al Solkion 0p dy . 3y _
dx

e«
3 x -{’
f;d%z

s
3lnX Inx

Px)= 3 , IF=€ 7 e =1’

x

> %Xy, 43y - %3 e
&t R TR

=) 'xas. + 3“25 = 61
» J(’Xga‘i—?xz\j)(h s Ie"dx

= By =Ml
= Y = e’
XS

Ex: Sole by'-ay=2xy? , Yy(0):--a.
=> oyy'-ay3-u led w= 43

=y —dW-24=-2 O U'+rwu--



Pa)=1 , IF= efm: e

5 we*+ue =

-
a Side nole :
=% dv- Qfdx
f(u‘c"»rue")dx = - [xe'ch‘ jxe“dx du=dx = @*
. = x€" - Je"dx = xe*-&* +C.
D Ue ) (xe*-&) 4 C
3
»

us-) (x-1) + (&°

—.> 3’3= -1 (x-1) + e
Q
- -X
N 292 (1-%) +2ce
N
> y? = a "'e=> -a). _a
G-x+ace™™ | +8C

-8-16C =

S _ 3 Y3 I3
TP

Bernoulli Equation: dven 312 + P(0y =Gy

milkiply by (1-n)y "= (1-n) Y'dy + (1-n)y'"" A2) = (1-0) Q)
ax

Subghiv e U=y '-n

dw = (1-n) ‘9 Jg = d_& + (i1-n) Ax)u = ("'\)Q(ﬂ)

1F e [ (-n) pRYAx
let X be a feal veckor space. Anorm on X is a map I X>10,00) 5.t
() WON =0, WxU >0 £ x+0O

Gi) U=l WXL poy e IR and x& X
(i) Ux+yM < UxBOWYl for & gy e X

N0

Togeer (X, |I-1) iS a normed yeckdr space . A sequence 0f veckors Xn
(owerges 0 % if lim Z-%WN=0.



A ‘ontraction i§ a magping K- CSX> C whele Her XiskS a (ontYatrion
constant 6 €[0,1) 5.6, (- <OUa-yl , xYy€eC.

Node: K*(%)= k(K"'(X))  K°x) -

Ex: Wb K(x):40+ % whal is the onwdrachm @nitant 7 1s Kix) a
antyathon on C= [o,‘w]? on c=[o,3o]?

ik (x) - k(Y = |4 043 -40-4 U =]y -4l = L -yl

;.9=\
3

CL0,20] V k()= 40 & [0,90]
clo, 307 X k(0)=40 ¢[o,30]
Consider an inikial valve problem UNP) %= (&,%), X(to) = Xo, where
&,:ig ea&\d e C(W R) where W< IR?is an open subsed of IR? and
Let's define Picard Werakion oy o map «: C(WR) > C(w,1)
K(x)(t) = Ao 4 L:i!(s,x(s)) ds -

and Hie Picard derales.

Rolt) =Ko (Hae comshant punchion Jnrouqu the Salar xo)

X,00) = Klxa)(8) = Xo + [ 405, %)) IS

2
Xa(k) - E°00) ) = £ (3)10) = Ko xf, £5,2sNds.

X L6) = K X L6) = K (& ) (8) = Kot L’:xcs, A (9))ds

ex. Calwlaie the ficard Ieraks X, X, Xa . por p(6.X)= 3-2%, X (k) =%,
%
k(x)lx) —-xa*rf ,c(s,x(s))ds
t0

t t
K™ (0 (&) = o + chs, Al$))dS = Ko L (3-3%ml(9))dS.



2 Kolt)=%o

X
D % () = k(x)lk)= %o ¥ L3-3"-md‘

t
= Ao¥ 3-3%0dS$
to
%o + (3-2%0) (£ -10o)
%o + t(3-2%0) tou—:m)

= Aalx) = k,"(xo Lt)) %o -\'I 3-3x%,(8)dS

- 'ij 3- a(xuS(%-axo) t0(3-2%0)) d §

t
Xo+ [3 -2%0 +30 (3-2%0) ] Lt-10) -2(3 —.m)b ds
:
Xo + (3-2%0) (1+240) (6- o) - (3-2%0) s’Lo

= Xo + (3-2%0) (1+2%0) (6-ta) -(3-2%0) (t’-\:v)_
Week 5 - Oct. 4th

x=f(t,%), K(to)=%o, x: R> W
Lek 1:C (W, R) » LA™, W € R™ an open sed

K(x)lt) = %o + ’;o!;(s,x(s))ds-
Then the Sequente %(k)=Xs , A= K(Xm.,) Converges +o tne Solvhion X.
Ex: —ku):( t+3) , %(0) :(t > Ylo) =1
0

Yoot 2(0):0 y,
[ts +(y(9)ds Its“ us ol
“r ( ) (f (5(9))4-(2(0))(13 =(;)*(otds )=("‘t )
¢ . )
&(t):(‘)* rs;(s s+t)ds0) ] |+g; e
SR YN AT )‘Sz"'s f+%“+t3+t‘+t
¢ ao

F\t *
() st as 41 ds :[_S_';‘ +sz+S]
10 3 b ]

(2) "t(s_f‘+s3 4:\s‘*&s+\)+$’d5 - [5_54 S_‘ N ssa—sﬂ—sjt
o \4

20 4 o



2

£X: &Lﬂ:(aut , &) :(: ) > Y\)-

t+3) z20):=
~ _
| a+§'ds [.w,g
- [ . - .
%)= ‘)1— | _(:) 3 )
S +1dS§ [
e
(at+_tf-3_
= 3 3
2 ¢ -\
%&t z

t
s%4+25-1+8t dS

x3(¢) —(:) ¥ I.

t
[“ssase-aas
) 3 3

u,[.:\gsus’-s]‘t

"
]

u[ss + § -_s]"

ajaa—t’-tJ%
s
Q \.’l 3 4

Picard -Lindelo §
o ox=axat
Vo 210,21 x[-1,1]

x0)=0

1§6,%) - Gy | _ | "2t -y'i-t ] _ | Y2 y's|
lx-y B 12-y) Vx-y

Y

2

Ip we et Y=0, +hen IX¥) - 1

1%) ]x‘lsl

| +at+f-a-_'
3

t
J' as*+25-1ds

b
J 3s+53_4 dg
. 3 3

- 9%

Thus, we (annot show Hhat there exists a vnigue local Solvhm.



Compiex Numbers:
C is depined by the numbers defined by 2= A+Yi, where X,yeciR and i=V-1'
J G
Re(2) Im(2)
A complex number an be represented in polar form 2 =r(ws 0 +isin@)
Modvlvs of 2 > |21 = Vx%ry®
e - cosz +isinz

0= Arg2= arctan jli

Ex: Find e moduivs and arqument of 2= 1+, then wiile 2 in polar porm
l2i=NT1+1 =3’
@ =argz = arctan(i) - :‘_1,

theck!
z.-ﬁ'(cos:_;»,‘.sim%) ~ - ﬁ‘(@_ ) -

4'2 -.“l" \“J
a a a

LIV

Week b - Oct. Wth
Ex: Midkerm G4 . Find a 1-parameles family of Solvkions 40 4ne oliowing

2gpakion’
‘x\j' +3y-8in x3=0

Qewride it \j‘+%3 -8in®-0 > st Ovder, linear
x

id
1F - e,f" L™ x?

> %y’ 3xly -x*Sinx>=0
fing = 2y +C0) = Ry e

£y =f3x’g ~x¥inx® do v UY) = Ay agcos x

- 'x‘\ja—%ms-ﬁ:o,



Second Order difterntial equahims -
HomogentouS with constant coefgiuients
ay"+by't (Y 20 wher€a,b,C are conslanis
(haval nSHe equation ar®rbr+c=0 , Pind roo+s r, andr,

* is a general Solvkion

Then y= c.e"t+cae"
Ex: Find the geneval Solvhiom Of y* + Sy'+6y=0

(% 5rr6 =0 =(r+)(r+3)=0
f.='a G’\d ra ='3

Then Y- e g%t ,u,6elR
Tx:. Find the SOWHOM Of e inthal value proolem y* + 59'46y=0 yY(0)=2, y'(0)=3
1:0 , ylo)=0+C = 2
Y': -26e 0 -36Ge7* > yi(0) = -au-3a 3

S.c. +Cy= 2 -tz > (@=-3 and C:=9
“2G,-3(2 =3

LYy = QQ'J*-?C-“
tx: Find the Solvhon 0 e invhal valve grovkem 4y"- 84'+ 3Y=0,Y(0) =3,y (o - ;—
42-8c+3=0 = (ar-1)(ar-3)

r'-.‘. B Y =é
1*3 a 2
K 3 t4 3t
General Sof - y- c,e/ﬂ_ca eh y's 0 &7 306 hH
2 a
H(o): (4."(3: 2 c,:Q-Ca
oa: "“. ) L":i
Y00)= 0 43 .o € = 1-3¢Ca Q 2
3 2 21
< 3t
... 3: 5& a-_‘_‘e /a
e 2

*EX. FWld'HM, S’OWho‘n o_", y(").‘.y‘“. ;g“ _gl "6!‘0 “'ha" fa-h.ﬂ‘q{f m
inidial condibion Y(0) =1, 3'(0) =0, y"(0) = -a , ¥*'(0)="-\



r%rd-r2ors=0 Roots art r=1,%=-V,r,=3,7,=-3
beneval Soluvhm Y= ceb+ (ae't-t- Cs e“,»(‘,e'“
\j‘: Leb- ¢ C't+0(,3e‘u-acqe'3t
y - Geb+ e tradtiqeqe®t
g = cet-Coe T 8Cs e -0
Y(0) = GitCasCatiy= ~

Y'(0)=¢)-Ca +2C3-3Cq =0

Y"(©0) = ¢, +(a +4(3+9Cq =-2 (3 12 3 5
Bm(o)‘« («c“a+8C3 -23(q= -1 J
-+ )
‘j=“€t+_5_€ -.'ze:“.ce"‘
12 3

Week 3 - October I18th
No tutovial - Reading week
Week 8 - Oclober A5+
Nonhomageneous Eguations : Method of Undekimined CogpficientS
LEyl - 4"+ pidy' + 0)y = glt)
Ex. Find a parhailar Solvhon 0f  ¥'-3y'-4y- 3¢

wWe need 4o find o gunthion Y such Yk V(B -3V'4)-4 V() = 3€*°
Sine Hhae txponenhal funchim regrodvees ivselg through digterentiatim

we an 41\5

Vi) -2 V'@)-aaet

N(t): A€ | whert A needs to be determined.

> AAe®- pat-4ne*t- 32t
= -bA =3
Y
t ) a
AN =-1 et
a



Ex: Find We partiwlar Solhon of y"-3y'-4y-= asint
let's+ry asimilar subShitvkion: N(x) = Agint
V= Awst  N"(4) =-Asint
> -Asint -3Acost - 4Asint =dsint

§0 -5A=2 and -3A=0
L uhom...

let's try something else:  N(k) = Asint + Beost
V') = Aost -Bsint  ¥'(¥)= -Asint - B cost

> -Asint -Bcost -3A 08t ¥ 3BSint - 4ASINt -4Bcost =Asint
(-SA +3B)sint +(-3A-5B) 08t = Asint

-5A+138 =2 p, 5P , 98 = 3496 -2 $B:=3
-3A-58 =0 & A= -5p 5 3 3 3
2 > A=-5

)

S YWY = -8 sink + 2 (o8t
3 V3

Ex: Find e parhiwlar Solvhon of y"-3y'-4y- - 8eScosat
Y(t)- Aetcosat + Be %in at

Y'(£) = Aetwosat -Ahetsinat +Betsinat +aBelcorat
: (A+aB)etcosat » (-IArB)e sinat

Y't) = (A+a8)et osat - A A+aB)etsinat + -ar®)etsindt +al-aA+B)etost.
= (-3n+48) et cosat * (-4n -3B)etSinat

> (-1on-28)€bcosat + (3A-108) etginat= ~8ebcosat
{'.0“’33:'8’ - B=-5AtA

dA-108=0 - 3a +50A-9020-5 A:10 ,B=2

3 3
2NK)= \0 et oSt + 2 etginat
23 3
Ex: Find e pactioular Solvhon of y"-3y'- 4y = 3¢+ asint - 8e cosat

We (on separale thefe into taiee parsand gt

© N =-1 €255 gink + 3 cott+10et st + 2 etginat.
a 3 3 3 13



Week 4 - November As+.
The Mewod of Vanation of Paramedrs :
Used +o solve nonvnomogeneous dnd order linear dicterential eguations -
Y 4 ple1y' 4 QLY = gk).
The homogeneous solvhion i§  Yclt) = €Y, (k) + (Yo (k)

5 €
the parhiial solvhion 15 N¥) =-y,(v) J; uwic s()g;g) ds +y, ) | Ys)aLs) ds
° ¥, 4,)(8) to wWi(w,y,)(8)

where e Wionskan W(4,9a) = ‘ ‘ Y97 - 4792

LI
the gqeneral solvkion is Y =GLule) +G galv) + V(&)

EX: W-2y'-3y - b4te®

Uharacknshc equattion (%ar-3 =0 = (r-3)(r+1) =0 » (=-1,3
= y,:€ ¢’ and q;-.eat let &g-0

Wiw,u) = | €° | 3¢, & - 4e't

-gt ae
\7
x [e 6ase’ds - le sds=|b_s},“; g

-4F _at

" - -
* "e_s;b‘l_w.sds- leSQ s = lb[se ]e"‘d:]-me € -
% o "3

OL
=D
©

5> WUW--CE(5e) v & Yabe e %) . gyt atet-e -1
* The gentral golukion i8S Y(8): ¢, &% ae*t+ (-8t*- 9% -1)e

Used o solve nonvomogeneous nth order linear dicterenhial eguations

(n-V

10 1 plery' 49y = g).

Lyl= g4 py Vs - *Pn-» @y + pal)y = glt)

-fptpdt
Solvhien: (Y- 2 Y L) g(s)wmts) ds, W(t)=ce Jnw

mz=\ to \“ﬁ



EX: Given Wt W (6D = 2%, Ya(t)=¢e® , Ysle)=e * is Hhe folukon of Hhe
homogentovs gua-hon cowu?ovndmg Yo y"-y'-y' +y=gl¥)

W)= W te*, e )

Q& t =
et e e’
et  (td)et ot

LI 1 \

e &4 -'I - e"[(tuwa—l) -a u(m-t-\)] = 4e®

» gaa

0 w -
Widz[o w0 e [=-t - (k)= -ag-)
|

(ked)e® &°*

e* 0 ¢t
welk) =] & o ] = -(-1-) =Q

et | P

Q: -tQ/: 0 ax 16 2t
Wilt)=| e +)e 0= (¢H)Q -te =

et (kedde*t

N t(h 2

V(%) - ej 9(8)(-25-1) y4g 4 ket [ 362() 45 4+t [ grareas

‘o 4eS t0 dqeS to 4e8

| [eC1vat-as) se ™V Jguds
to

Summary of Second-ovder lineal homageneous equakions: ay'+ by'+Cy=0

let fLond rg be e ¥0o0+S 0f ar’xbriC=0

%1, 6ER 1 y=ge trce”t

* 0, e where r=2viy and ry=a-iQq: y =c.e“Zath+c;z“tssn,4t
Redvchon of Order:
Suppose we know e Soluhion v, (t) of «{upw\, v gle)y=
Tulmd a second Solution, led y= v(’c)g.u’ Ahen Y w‘(em.(k)wus)\g ) and
3 "2 v () 4y (O 2V (6)Y/) (1) + VY, ().
~ =0
Substifuhing bade we qef\ Y (394 py, ) v+ (W) + 04 +4Y)v=0

= 99"+ (2y) +PY,) v'-



EX: Given that Y,(6) =t is o Solwhimop at’y'+ 3ty'-y=0 , £>0 gind a
fundamental set of solvhong.

* Y= ) £

=\

% \J‘: V.t -V‘t-z

kY- v"t".—v'{;‘z SRVLIE S VF
=v't-aviiiravgd

Subshlul—ivngz
A3V E- v +avE®) 1 3E(viEtvER) - Vi =0
> Avik -4V 44V + 3v'-3vE'-vEt =2 0
> W't -v'=0
Let u=v' then we nave au't-u=0
> u=v'=ct"?
> Vig)= }éc,k"’+ Ca
- ys (2 G724 ca) is e pomdamental Sk of Solukions.
Week 10 = November 8.
Ex: Tians(ovm e given eqiation into a system of firsk order equatons
(@) w+0su'vraun=0

let xi=W and Za=nu'

-.. { x.‘ ‘oxz
Yi< -2%,-0.5%;

(w) t*u" +th'+ (k*-0a25)0=0
let %= W and 'lazu‘
:.{x.’-.u

xi-—(o_-i‘-’* -l)x. -X:
t? t

©) u“-u-=o

Led =W, Xa=nu' " - u'®
R, 4=, 13=-U , Aq= U

. 'X.'zxzﬂz’fxsl X:{:Yq' 'X: -~ %,



Mainces review

Ex: Given A:=( 3  a-i ) , pind A" ard A

443, -S+d\
A":( 3 qfag) A=( 3 A+i )
d-1  -5+di a-3i -5-2i

DAminant 0f Matrix .

axd » detA =|Al = ‘a b| : ad-bC
¢ d

3x3 (ceneral) > if A - “ 2:] tnen

det A: a|¢c -b| rC csl:'

Inverse -

22 > A, dzH\ [‘c a] where A:- [

Oer> [AIT] ~vrowops~ [11A7)
Ex: hind Hhe inverse of As(‘z i :)
356

1 2 3| v oo V23
2 4 5] 0 ~ 100 -\
3 6 6)00\] o -1 -3

10 -b|-5 0a] 1 00 | 3-b2
~jov 31304 ~l OV O]-2 3-)
00 00 |

“-1]-210

J -b 2
SR =] 3 -
a4 - O

Ex: §olve e given syslem 0f QWANONS oY show ot thee is no soluhiong

(o) =x» -%3=0 0
|
2

-0 O

|
3
|

A A+ N2 ¥Xg =

0o -
|
-%Xy % FAA3= 2 !

|
)
r]



I 00 Y3 % | -Y3
~ |0 V O |3 .[t;: 33
0O 0 I |- %3 | V3
W) X+ 2% -X32=) [u 2 - |
AU+ A3 + Xz =) 2 1 ]
X, -%X2+dlxg=) 2

1 0 |
~ o ) -l
° 0o 0 01

Dl .. No Solvhion!

P2
~ 0 0 0 O
0-3 o -\

Find cigenvalves of A Solve detr(A-AI):=0.

-
3
3

Find ine eiggnuecior : Tor each wqenvalue, find e cigenvectors (A-2I)W=0
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wWeek "1 - November 15.

tx:Find the general Soluhion 0f ne Syskem X - (% °3)'x.

We Coan wrile Hhe Sustem in Scolaf form © Xi= 3% and Xz =-3Ya.
Eath Can be algo wiikendown a8 %,:¢€° and Y= e
2
So Ge o 0 '\ L at oy -3t
x= H L\( )‘\' C;( -3%) = C )C * (a L
(Cae-sk) 0 4 ‘( 0 ( \)
We coan degine 4wo Solvhions:
) ' 1 0\ -3t
xw)- (o)ea and A u:)=( \)e

The Wronshan of Wese Solvion i g

w:let o | -¢% %0
0o e¢*

. %Y and X' torm a fundamental set of Solutiond
TermTest @ Qa
tx: Solve dhe WNP: a%y'-dxy -4y=5  yu)=2, y')=a, ¥>0
Bint Y¥=x4i8 o solvhon 10 e cofu:ponding oW 0geNeovi eqVation
AStume Y, -—'x“fuda i$ a Solton g the homogtneous Lowartion.
u,' = X ax® Iudx
Yy = v 4w 4 0 f'l\dxa— 40

= ' 4 gx%n + 2 Ikax



Let'S svb-in e coelhuents'
ES \x’\h:‘ = Xulv 8 xSu+ |37“‘fudx

> A%y = -ax u- §x® J Wdx

> -4y, = - 4x* fudx

= x*u'e 8§ x5u+ 1228 Judx -axu - 8x‘Judx - 4x* ludx=0
= x°w'+bxSun=0
= Iw':-bu

> W.-b
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= nMu=-6lnX - nx*
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Tx: Prove that the Solviion of +he inhomogeneo§ eguation
K G Xk (R R W) 2 gLE) 5 given by

t . n-3) wn-1)
A(K)= Xnl ¥) +f ult-$)1g()ds where u(o)- wlo)=---= nw Io)a.a*,mt 0)=1)
0
By the grinugie of superposition, we et X, (£)=-0
t
o xW): J Uk q)ds * Using Leibniz Rule

o ok
xX(t) = u(yy@) r ), %[u(t-s)gts)lds

» b

g‘[ ult-€)q L‘)l ds§

X = woyalt) ¥
gl » ) 4]

- - ) oL
‘&Zn 2 u(u;))g/(t) ), %ﬂlu(t-s)gts)lds

-’ 9“) ¥ n
Xl = wlorgle) » [o d [wle-gLa] d

(n-v)

2 A G xR AW)

t t . t
= 9l¥) +J; 908) %:t“hu—s)ds * L....Lgts)o_?_::_‘wiu-s)ds -+ Co Lgls)uu-&)dl

< '
= gu:) +J 9(8) c_in_uu-s) Cn,.d_".uu's)-\'-“l— CoU(%-5)\dS
0 dt" dt™
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= glt) 2
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wWeek 12 - November 2@ nd.

Recall we can wrike 4" +py'+ 9y4=0 &S a matvix
Yoy 2y

A= (KDY |, %) =W, %2 =y
X(0)

then - x;(c?)) - (-vxtth.) . (-o % :9> 2»)
EX: y'+ ay'- 3y-0

av. equahon  ¥*4ar-3=0
(- (v+3) =0
(=-3,\

Ly =c et »,c.,,e'st
Ig x'=Ax , A= (3 _2) the tigenvalues afe 1,-3

Ex'o‘mvwoﬂ:
* A=l S A:(-al _‘5)
3 B) (Gam)=(0) = @7 50 Ve k()

bas Ay )

( H 3x.+x;) -(9) = %= 0 v,-k,( )

BX\f'XQ.

o S0 we hWave  X(x) - cef “) H,\e.'“ -‘3)

Digference EQuations:

Your * £(n,Yyn), nz0,1,2, .. i§ called a first order dipfeienie Qquahon. T4 i§ girt
order becOvie HR valve of Yan degends on e valve of yn bt not on earlier

vawes Ya.., Ya-2,44C

Yari =LY s linear g £ is a linear funckin on Ya .



X let's ass
Then e Yan® “'(‘54\) ,N=0,1,2
N .
¢ have Y, =f (Vo)
Ya =
a= B0y = § [4(y2)]
Ya=L(y5) = "3“0)

Yo = "(
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oph ]
O VS YnuzpPay
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2PV

VYa= 49, =0.PeYo

. ‘\J“ "Pn-o T
Another posSivie 2guation e
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. y = “
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Week 13 = November 29
(ompiex eigenvalueS and Rigeavectors
Ex: Sove wne Collowing INV

‘K‘s(: -l‘a)i . (0)- (-w)
O And Hhe Qiquwawu

det (A-2I) - |3 A - \ (B-MU-2) +65 = 3-42 +2%465 =229+ 68 - 0

A= 42\ 1b-232 . 2%8i

d

@ Find the tigenveckdrs

klz 248\

(a PR 3) - ('¥ .'.'.33;)
- (2 )0

6x.+(|8s)h-ug) .
5% =\+ 2 1+
) Xa ; ( 6)

So for tis eigenvalve andLigenvector, A Solukim is

'i’.t’«)séw)t(qgti) . &te 8“(“8.)

= %[ cos(8t) +isin(8t) ) [ 1+8i
e (o +isin )( +5')

= o3t ( oS (84) - 85in(Bt) + 8i cos(8ED +i8in(8t) )
5os(8b) + Sisin(8Y)

, e”*( Los(8t) - SsmlE) \ 4 18**( BcosLat)+isin(BY)
S 0S(8%) 5%n( 3Y)
—_ . o
n(t) + L y(b)
(® e general Solvhion:

K(t)- c.@ (Losun485mm) + 8" [ gcoslgt)+isin(B%)
S C0S(8t) S59n( Y



@ e parhalay soluhon:

X(0) = ¢, (cosu) + 8sin(0) ) F Ca ( §cos(0) + iSinlo)
5co8(0) 58in(0)

Ba)z(s) + (6)

> 3=0,+8, ————> 5=8¢
»-)0:=250 — (;=-2 Ca=5
1

LX) = 2 e""( Los(8y) +8smlit) \ + S 0”'( gcos(8y)+i5in (8%)
S oS(8t) g 5n( 3V

Variahon of Paramelers

Recall: "+ W)y'+r 9Ly =glt)
let y, (£) and Yo lA) be Hhe homogenesus Solubions por +he equakin.
The povtiwlar selution fov e womhomogenedus ig

GER [_mli dt + mf_w dt
W(\j.,\h.) w l‘“) o"l)

€r: aind we general soluhim 1o the gollowing diggerenhial equation.

Ii‘a| - t
Y - dy'+y g&‘

O Find +he homogeneous Solvhim

pgll-ag\ +,g -0

(ace\=0
(r-%=20 > =

+
Y= e+ te® =y (r)-et yslb=te

@ Fnd the wroskian !

2t
wW- l et te* = £ -l—tezt_, “23 =eat
et etitet



@ Find e parrivior solvhon

Yp &)= -e¥( tefeds kte"j ete®

dt
) * (#*1) e2t (¢%1)
¥l &
= - t dt+ te \ dt
) o ! t24

"

-4 eSinl1a 8| + tetarciont)

S The general Solvhion is:

YLz GeteGatet -:?Le*mmt*l + tetarcion +)



