











































































































MAT1341 Tutorial 3 1311355Fridays 2 3pm

TA AngelaZavaleta Bernuy
Officehours 10404Fridays 12 1230pm
email angela Zavaletabernuy mail.utoronto.ca
website angela2b github.io
week 1 Sept 6th

Notutorials
week2 Sept 13th

Derivativebydefinition
ft X Iim f xth f f a Ifmgftx fh70 h X A

RiemannSum

fabftxldx lni.fi ftxilDx where DX bye Xi at iDX
Usefulformulas I n i ilg i ilitHC2i

2 3

Trig Identities HalfAngleIdentities
sin'xtcos2x 1 SinAa If 10201 cosg If 1tcgsaCOS2X cos2x Sin2x
sin 2x 2sinaCosa

Trig Integrals
COSHSinmunDX if norm areodd do usubstitution

if nandM areeven half4substitution
Ex Evaluate fi xonx.dk

x
Sin Inx cos4inx co nx DX

Jsinclnx t sin4inX costDX Let u _sinLinx
du C0 nX DX

fu's11 W du

W visdu

Yf Uf














































































































s.in nx Sinbad C
6

Partialfractions
Ex Evaluate f c DX

AGT1 t Bx Xt1 tox X l
x xcx.is Axt 1 t

X X l Xt
Ax2AtBX2tBXtCx2 X4AtBtC tXlB CA_

X X l XA X X l Xt

ABEBE Is BIL l 1213 0
A I A I 13 1 0

2

c
DX XI t f t f DX

In1 1 t21InIXH t I InIXti I t C

Anglebetweenvectors Cauchy Schwarz inequality

COS0 IU WI E IlU1111WII U WE112
HUH11W11

Orthogonal Projection u ontoW

U V O UI w
11W112

EX LetV Cl 3 l andW 12,1 2 bevectorsin1123

V W 1 3 I 2 I 2 2 312 1

It 11 112 13127 IT 11W11 122 1227 IT 3

a Find theanglebetweenVandW

cosa
z

a cos zip114111WH 4

b Verify the CauchySchwarzinequality and thetriangle inequality
for VandW

H WI E IN1111WII
1 s 31171














































































































c Findall unitvectors in 1123which areorthogonaltoboth and w

Let u ca b c beorthogonal tobothVandW

1 3 1 Cab C A 3btc O a C
2 I 2 Cab c 29161200

5b O b O

SO U K O K KEIR
IlUII tk2tkT HIK I K L

IT

Thevectorsare o j and O Iz
dFindthe projectionofCi ontowand Liil wontov
i projof ontow VI w I 121,2

11W112 9

ii Projof wontov Yp V y 1431

Eigenvalues andeigenvectors

Values ofX for DetCAXI 0 and theirvectorsrespectively

Thematrixisdiagonalizable if p AD D is a diagonalmatrix
where Pis theeigenvectorsmatrix or A PDP I

1 O 2
EX Let A o o o Findtheeigenvaluesandeigenvectors of A

2 O 4
IS Adiagonalizable

Ig to a I u Hoa Ital It
X h X 4 X t 4X
X14 5 27 4
X 5 22
XZ X 5 O

X O 12 0 X 5

FortisO fo I fool
L














































































































X t 23 0 X 2 3 SO for X wecan letV
2X t4 3 0

Xa is afreevariableso for 12 we can letv2

For 5
II's fool

soon we canretrofit4X t23 0
5 2 0 Xs O

2X Xz O Xz 2X

I L I L Hii L Hii L L
1 O 25 45

too tiioloiot.io i0 I 45 75

Ii ott LD
45 215

L L
Ooo which is adiagonalmatrix of h 72,13

Week3 Sept20th

Vectorequationof a line in1123 e a t t T t ai ViEIR
Ai AzAz t Vi VzVzI i L2,3

Parametricequation of a line in1123 x a ttv
y as 1 tV2
2 Az1TV3

Ex Foreach of the following lines writeitsequation invectorand
parametricform
i Theline that passesthroughthepointPo 3 1,9 inthedirection ofVI 1 I l














































































































VEq D 13,1 9 t th 1,1 TEIR

PEg X 3 tt y Itt 2 att TEIR

Ii Theline that passesthroughpoints pot1,1 2 and p 12,0 3
Thedirectionvectorforthe line is 2,0 3 C l 1,2 3 I 5

VEg l l l l 2 tt 3 I 5 TEIR

PEg X I13T y l t 2 2 5 1 TEIR

iii Theline that passesthroughthepointPolo 1.0 andisorthogonal
to theplane10 15y 32 11
Thedirectionvectorfor this line is a normalvector forthe planeD 10 15,3

VEg l 0,1 0 tt 1015,3 TEIR

PEg X lot y It 15T 2 3t tCIR

Ex Find anequationof the plane that passesthrough 3points A l l 1,2
B 2,0 3 andC 2 1,2

Apairof directionvectors in theplane are 8 12,0 3 l l l 2 3 I 5
andD 2 1,2 l l 1,2 3 2,0

TOfindthenormalof theplane ri vxw Is It 51
3 2 O

10 15 3

Sotheplane is 10 15y 32 D 1011 1511 312 11

i Theequationof theplane is 10 154.137 11

Ex Find anequationof the planethat passesthrough theoriginand
containsthe line x 2t3t y I at 2 It at

the line whent O passesthroughthepoint 12,1 1
SothevectorJ 00,0 2 1,1 C2 I l is also on the plane
Wecan let D 3 2,2
TOfindthenormalof theplane n J it II I F

3 2 2
1 4 4 7

Sotheplane is 4xtyt7Z D 4 o t o 7to O














































































































i Theequationof theplane is 4 3 72 0

Polarequations xrcoso ysrsi.no
x2ty2 r2cos20tr2sin0 r2Ccos2QtSin20 r2

ExSketchthe curve r sin30in thepolarplane
rn 21173 Th 173i a

0 The

j p

a 0 I I I 231 5ft IT6 3 2
r O t O n O t O j

4173 31172 5173
Week4 Sept27th

Cylindrical coordinates sphericalcoordinates
2a 2aXercoso X psinfcoso

p y _rsino p y_psinpsino
2 Z pi 2 p SO

z f l
oerex crepei

r Y OE 21T e Y O E 0 E21T
O O O E ETxn xn

ExInterprettheequation1 2cososino geometrically

cylindrical
r2 2rc0SOrsino

x2ty2 2xy
X22xyty2 0

x y5 o

Spherical
p2sin20 2psi.nocosOpsin0sinO

7p2sin20Csin2OtC0S20
p2sin20sin20tp2sinzqcogzo

dpsl.noC0SOpSin0sinO
2psin0cosOpsin Sino

x2ty2 2xyX22xyty2 0
x y5 o














































































































Ex Characterize andsketchseverallevelcurvesof thefollowingfunctions
i f x y 1 12 C

2

domf X y E11221y27 2 because y2 230
c cannotbe Ve c 0always a o is o

0 0 y 1 2

y X

xy xjE.FI2 x2l I
y intercepts o 2c c O o_0

ii fCXy Xty C
y2

domf IXy EIR21y to
NY

nay
x cy2y

y intercepts y Cy v
y Io c o

is
CI x cy2y x Cy2 y

X y Cy l x yCCy 1

y intercepts y intercepts
0,0 CO llc 0,0 CO4C

parabolaopening parabolaopening
right17 left 17

Ex Give arough sketchofthesurfacein1123definedby
3 2 12X y 222 42 9 0

y 3 2 12 222 42 9
y 31 2 4 4 12 t 2122 22 1 2 9
y 3 x 2 2 212 112 5














































































































Theelliptical paraboloid opening in thepositivedirectionwithvertex
2 5 1

Ex Indicate what contourdiagram correspondstoeachgraph

Week5 Oct 4th

Ex Foreachofthefollowing evaluatethe limit orshow that the limit
doesnotexist

eY o
a lim e L
xy710,0 3Xt5yt2 3101510 2 2

b lim xyt2x y 2 limxcyt23 lyt21
cx.us7112 X11 y 2 Xy7112 X11 yt2

lim Yt2 X l
xy711211 171 171327
lim
Xy7112 L

c limx3 ylimr3cos30 r3 no
xy710,0 x2 y2 r 0 r2cos20r2sin2f

Recall lim r3 cos io
x reoso no Mccos2otsino
y rsino

trim r coff Sino O














































































































d lim sin yy7 Iim sin
xy710,0 r 0 r2

IH limarcost
r o 2r

lim COSCH COSIO 9
r o

e lim
xy710,0 yx2 y
Restricty axis Iim 1 1 a a
y O XO710,0 VFX

Restrictx axis Iim o o
X O og go

Thelimitdoes notexist

f lim x2 y lim CUtD2tlVtD
Xy711,1 1 11 1y il air710,0 lult IVI

wecanrewritethis lim u2t2utv2t2v
710,0limit letting u x I HV lultivl

andV y I

Restrict V U and luku Iim u2t2uu2
u O ut U

lim 214W
HO LU

lim 2112
n50 QU

lim ut 2 2
u50

tht hi t t
lim 2h2
n so 2T
lim u O
u50

Thelimitdoes notexist














































































































ExFindthe value of a so that f is continuous at 6,0

fixy
3 2 24,4

2 32233 Cxy to

9 CXy O

Iim xkx l2yltyZCX l.li'm x2ty 2y
xy710,0 x2ty2 xy710,0 x2ty2

Iim X l Ly 1 9
xy710,0

Ex Determinewhetherthefollowingfunctions are continuousthroughouttheirdomains

Cal x g ix y 16,0
fHis

o exy 1010

Iim x
Xy710,0 x2ty2

Restricty axis Iim p a

y o Xo710,01

aRestrictx axis Iim 12 1
X O Oy710,0 y2

Thelimitdoes notexist so it isnotcontinuousat10,0
b
fc y

2 3 2 3 2 332 x y 16,0
x2ty2

0 x y 0,0
Iim 2 3 2 3 2 312 lim 2XlX2ty2t3tx4y
xy710,0 x2ty2 xy710,0 x2ty2

lim x2ty X3
xy710,0 x2ty2

lim 2 3 3 O
xy710,0

Thefunction isnotcontinuousat10,0














































































































Definitionof limit

let f D ER2 Rbe a functionof twovariablesXandydefinedfor allordered
pairs x y in someopendiskDE R centered on afixedorderedpair Xo yo
exceptpossibly at Xoyo
we will say that thenumber LER isthe limitofflexy asCxy EDapproachesXoYo if andonly if givenanyrealnumber E 0 we canfind a real number8 0 dependingon E suchthat fCxy satisfies I fCXy L I CEwhenever the
distance between tx y and Xoyo satisfies 0 c ttx xo12tCy c8and we
will write

Iim fCXy L or Iim I fCXy L I O
Ixy coo xy coo

Ex use thedefinitionof limits to showthat glimcoo 4yi 0
Weneedtoshowthat forany E 0 thereis a 8 0 suchthat if 0 cIx2tyT c S
we have1 9,7 1 0
So if X y EDandOLHx2tyT 8 we see that youshouldchoosethecorrespondingpositiverealnumber 8 E14 and weget
1this 01 1 4,7 0 41 1

y
e 41 1 I 4 VIE 4475748

4 Eq
b I y2 E
YI
XI yz

E l

Thenumber0 is the limit of thefunction fix y 4yyi as x y inDapproaches

oo becauseforanygivennumberE o we have shownthat we can
produce acorrespondingnumber 8 44 0 Sothat fCxy 4yyIsatisfies

theinequality 4xy o CE wheneverthedistancebetween ix y and6,0

satisfies Oc4 27 EH 8 Sowe canwrite
ixgliomao fifty O

Week6 Oct99th
3 3

Ex Letfixy
x y t loo

Xy OO














































































































a Find2 xylandffgtxy forIXy 110,0

iffyXy 13
2y y3 x4y 2 1 3y IX 344 3 2y3x2y3 y5 2 4y 2x2y3

1 2542 1 2542
X4yt4x2y3 y5
1 292,2

91444292 y4
1 2542

TyfyXy X 3y2x x2ty2 2yx'y y3x x5tx3y2 3y2 3 3y4x 2 332 2y4
1 2542 1 2542

x5 4x3y2 y X x x4 4x2y2y4
1 2542 x2ty2 2

bFind2 10y andIfjIX01
Using a we have

3110,91 7 Y y10 and 2 40 k 57 x x 1 0

Fory 1 0
O

2 0,0 limofChiO f Iim 3 O
h h hto h

y
0,0 limofC0ih7 f limo

731 O
h h h h

Directionalderivative Dvfcp Df p I
111111

Ex Compute the directionalderivativeof fCxy z xzty2z2at the point13 I 2
inthedirectionofthevector Co3,4

DfCXy Z z Ly22 Xt2y2z
Df 3 1 2 2 8,7

Deo3,4fC3 2 2 8,7 1,435,44 5

Ex Foreach of thefollowingevaluate2 at the pointa

a f x y YSin xy tx eY a Ig 2














































































































iffy Sinay txycoscxyj 2xye

5fyffq.gg SinIz t IzCosi 231e it LI 32
b f x y Z 2 97 a43,21

iffy 2 In2 ITF zHn2 2
211TH

atBk t Ina

c fix g
244373 y

xy o.o
Xy co

9 6,0

fyffgoj ln.omflo.hl flad ln.jo T thing3 3

Ex Letf112271123begivenby fCxg Xy xt2y Xy andletg 112331123begiven
bygtxy Z XyYz xz2

a FindDfandDgUsethechainruletofindDlgof
1 gof Xy Dg fCxy DfCxy

Df Dg 1 a

Dglfcx.gl Dglxy3xt2yXy If Ity
begotten.ua xtgg7IgYgIg 4

yHt2y3 Xy 2x2yt4xy2t2xy2
XytXyt2y2 2Xytx2t2xy
Ty4 2294 2x3y3t2x3y3

293 2Xy 2x2yt6xy2
2xyt2y2 4xytx2
3x2y4 43y3














































































































b ComputegotandDcgof directly

gofix y g Xy3 29Xy x2y2t2xy3X2yt2xy2X3y4

1 gof Xy
293 2 92 2x2yt6y2
2xyt2y2 4xytx2
3x2y4 43y3

Ex Ifgluv flu v2 v2U2and f isdifferentiableshowthat gsatisfies2 tuff 0
Let X Wv2andy v U2theng un fCXy
thenIdu 3 fautffgFu 2 12u taffytan

and If 3 iffy 2 xt2v t 2 24

vflutuff if2 12u taffytanJtUf t2v t2fyl2V
2mV 2mV2ffy 2mV2 2mV2

0

week7 Oct98th

Notutorials
week8 Oct25th

Therateofchange in f frompto p is the directionalderivativeDvftpwhere u PsP
Ex letf 11235112begivenbyf xy 27 2 2 2 2ty2t4ytyz What is the rate
Ofchange in f if youmovefrom 1,01 towards I 2,3

11 112,3 1,0 1 0 2,2

DfCXy Z 4 1 2Z 2314tZ 2Xty

Dco2,2 f 1,0 1 DfClO l 10,2 6,5g 92141102,2111 IT
7 HI

2














































































































ExFindanequationforthetangentplaneto thesurfacegivenby
X3ztX2y2tSinlyz 3 at thepointCI 0,3

g x y Z X3Ztx2y2tSin Yz 3 0

P g x y Z 3 27t 2xy 2 2y t 2cos yz X't ycosYZ
D gl lO3 9,3 l is thenormalvectorto thesurface atC l o 3

Theequationof the tangentplane isgivenby
P gti 0,3 Xy Z l l 0,3 O or L l X C l t 3 y O tC1 Z 3 O
9,3 l X11 y Z 3 O
9 913y Z t3 0
9 13y 2 12

ExFindthepointS on thegraphofthefunction f Xy X'ty2 lwhere the
tangentplane isparallel to theplane4 8y Z 3 What is theequation
ofthetangentplaneatthispoint
Normalvectoroftheplane 4 8 l and anormalvectortothetangent
planeto fCXy is 2x 2y 1

Fortheplanestobeparallelweneed 2x2y 1 K 4 8 l forsomeK

2x 4k X 2 2 f Xy f 2 4 4116 1 19
2y 8k y 4
I K k I 4 2 8C4 19 8 32 19 21

Thetangentplanepassesthrough12 4 19 and theequationof the
tangentplaneat thispoint is 4 8y Z 21

ExFindthesecondpartialderivatives of
a fCXy 2 2y3 t ysinkxy

Firstorder
2 4XY t233inxy cosXy

iffy 6x2y2tsin4xy
t 2XySinXycostxy

Secondorder

Tff 4y3 t2y3cos4xy 2y'sin4xy52














































































































Iggy Iffy 12XYZ t 43Sin XyIOSXy t2xy2COSTXy 2xy'sin2cxy

qty 12 2y t 2XSinaycostxy t 2xsinXy Costxy t2xZycos4xy 2x'ysinoxy
122y t 4xsinXy costxy t2xZycos4xy 2x'ysinuxy

b f xy Z 2 Z x3I
y2

Firstorder

21 22 21n2 3222X y2

Zf 2 3z
Ty Ty
Zf x29h2 XIZz y2

Secondorder

Tff 22221n2261252 y2

z2f
Egg

6 222y2X y3

Iffyz Iffy 2 In2 t X224h22 312
y2

If 6 3z
Jay y4

f gy f z 2353

If 1h22
zzz

X22 7

Week9 Nov 1st

Taylor series
x y around10,0














































































































Fixy Flo0 t x0 0,0 yZIyOso

x2z coo t 2 9 f y10,07 tYZ2210o
else

FCxy FCab t3 x a tfIy y b

I3 tx att 2fzylxans b t ly b2 t

ExDirectlycompute the seconddegreeTaylorpolynomialaboutthe point yo
for f x y eex cosy

f 1,0 locoso I

2 x y 2ExDe Eosy If yo 2 o locos o 0
ox

qtyCxy e Jiny ZI Ci eosin o O
ay

g Lxy 2e I 4Ex lie 2
cosy 2 yo 2e t4co e coso 2

2X

fgylxy 2K 1 e Tiny 221u 26eosinlo 0
My

3 xy e cosy 2 u locosco I
Try2

Tz f 1,0 t 2 1,0 x t tEyholy t 12 g 1,0 x 152 yaO x Dyt2gyfzyI

t t z 2 x D2 y21
1 t x 1 2 12

2

Commonseriesaround a 0 are

x x
e E 4 latex l 1 X 1 1 1

1 0 1 0
x x

cosx fol1 k 2,4 latex Incitx fol l 1 1 1

x x
sinx Eth latex arctanx Eth 1 1 1

1 0 1 0














































































































ExFindthe 4thdegreeTaylorpolynomialaboutthe engineof
fCay cosy InCltXy
Recall cost_FEC1 It k and Incitt EEOC11k17 It 14

cosy l YI Y lyle
z zInCltXy XY XI XII IxylCt

T l YI 2,4 xD XII x I xy xItx I 31 42,142

Ta ay XLI XI2
Ex Let itbethe plane in1123passingthrough the points 1,04 2 1,0 and 3,1 2

a Find an equation for it

V 2 1,0 1,0 4 1 1 4
Vz 3 I 2 1,0 4 2 I 2

normal vectorof the plane v XVz 2 4 2 8 1 2 6 6 3

6 69 32 D 61 12 4 18

i 2X 2ytZ 6

b Give aparametricdescription for the line 1through I l l and orthogonal
to1T

normal of IT is 2 2 1 so the line f is U l l tt 2 2 1 t E IR

c Find thosepoints on theellipsoid 4 2 8y2 42
2 7 where thetangent

plane isparallelto it

The levelsurface is gtx y z 4 2 8y2 422 7 pg xy Z 8x 16y 8z

8x 16y 8z K 2 2 D KEIR so thetangentplane is parallel

X Kay y kg 2 kg 4ka t 8kg t 4 kg
2 7

Kal t KI t Ff 7

412 2K2 t K2 112














































































































7K2 112
K2 16
K I 4

i Thepoints are fI 71g Ift
b ta Iz and l l z Iz

Ex Characterize and sketch severallevelcurves of the function fix y 14 2 5
dOmf 1122

4 2 y2 c2 y2x2ty2 CZ n

DCSI ellipses

x intercepts fCz o vs

y intercepts 0 I C

Week10 Nov 8th
Findeigenvalues of A Solve detCA XI 0

Findthe eigenvector Foreach eigenvalue findtheeigenvectors CA TI J O

Eet B be the matrixwhoserowsare theeigenvectors Show that B
is an orthogonal matrix BBT Is

Hessian form Hf
If Hf is positivedefinite then the critical Point is a local minimum

If Hf is negativedefinite then the critical Point is a localmaximum
Otherwise theCriticalPoint is asaddlepoint

Let A benxn andsymmetric

Aispositivedefinite iff detCAk O for K 1,2 n

A isnegative definite iff C1kdetAk O for K I 2 n
























Ex Findandclassify the criticalpoints forthefollowingfunctions

a foxy 144 2313 4xy y

f X3 2 2 4y O

fy 4 23 0 y 2x

Sub in X3 2 2 8x O
X X2 2X 87 0
X X d x 27 0
X 0,4 2 y 0 8 4

I CPs are 10,0 4,87 C2 4

Hf 3 22,4X Iz
For 0,0

Hfc0,0 Iz
A O detA2 140,421 16

i 0,0 is a saddlepoint
For 4,8

Hf 4 8 432 4
2

A 32 0 detA2 1342 I 6416 481
i 4,8 is a local maximum

ForC2 4

Hfc2 4 420 42

A 20 detA2 1420 I 40 16 241

i C2 4 is a local maximum



b f x y fCxy Xty In 4g Xy 10

I i i is
CDs are 1,21 Cl 2 Gl 2 l l 2

Hf f
For 1,2

HfCl 2 20 Y
Ai2270 detAz If 0,1 21

1,2 is a localminimum
For 1 2

HfL1 2 f f
Ai 270 detAa If 7,1 21
i 11 2 is a saddlepoint

ForC1,2

Hfc1,27 f f
A1 2 20 detA2 120 0,1 21
i L l 2 is a saddlepoint



For It 21 1 f f
A1 220 detnz 12 io 27O

Ci 2 is a local maximum
week11 November15th

Ex UseLagrangemultipliers to find theconstrainedcriticalpointsof f
Subjectto the given constraints

a fCXy 5Xt2Y 5 2 29214

h X y X 5xt2y X 5 2 24214
h 5 10XX
hy 2 423
ha 5 2 25 14
5 10XX 5 22 2 14 0
X I 7 2 94
2 112 2

X y X IVI y
4 d

Cps II IT C IT A
o

b fCXy Z xytXZtYZ XYZ xtYtz 1 x y 2 30

hlxiy.azX XYtXZtyZ Xyz XLxtytz l

h ytz YZ X
hy XtZ XZ X
hz Xty XY X
h X y z11

ytZ YZ X ytz YZ Xtz XZ XtZ XZ Xty Xy
ya z Xu z 2 l X YU X

Xtz XZ X l z y X O l X Z y 0
2 L or y x 7 1 or y Z

Xty Xy X
If 2 L then either X l or y _1 buteitherway fails

XtYtz l If y X then y Z because if X 1 yand will failagain
In X y Z
xxxxx I X y Z CP tg Lg



Ex The productionfunctionfor a manufacturer isgivenbyfoxy 100 314y14
where xrepresents the units oflabour cat 150perunit and yrepresents
theunitsofcapital at 250per unit The total cost of labour andcapital
is limited to 50,000Find the maximum production level for this
manufacturer

Constraint is 150 2509 50000 tomaximize fCxy we can use lagrange
multipliers

h X y d 100 3 y 4 X 150 2503 50000

h 75x y 4 150X

hy 25 34y3142502
ha 150 2503150000

75X y 150X

3 3 a
10y 2X

25 314y 4 250X X 5y
X X314y314 X34

IO 10y314

15015y 12503 50009
75y t 25y 5000

I00y 5000
y 50 X 250

Whichmeansthat themaximum production level iswhen 7 250 and3 50

f1250,50 I 167185076 so the maximumproductionunits are 16718

Ex Thecylinderx292 1 intersects the plane xtZ 1 in anellipse Findthepoint
onthatellipse that is the furthestfrom theorigin
Weneedtomaximizethe distancefunction 1 2 y't 22
subjectto 2 constraints

h X y Z X M x2 92 22 X1 2321 M X z l

hx 2X 2XX M
hy Ly LyX
hz 2Z MIn
III Fo



2y 2yX If 2 1 If y 0
Ly l a O U 2 1 2 0 x2 1 X Il
y 0 2 1 2z U O 2 O It 2 I 2 L X D

X I 1 2 1 2 0 X l weknow
Itry2 1 y O

i Cps 1 0,0 and C l O 2

Basedonthe distancefunction

1,0 O IT l

1,0 2 Yti 2t 0 2t 2 IF
i Thefurthestpointfrom theorigin is C1,0 2

Sincethedistancefunction iscontinuousandthe intersection iscompactinIR
theExtremeValueTheoremLEVTensuresthe existence of extreme

Week12 November22nd

Givea roughsketchof theregionandevaluate thefollowingintegrals

Ex 3xyDA whereD istheregionbounded by y 32 3and y YI
Y IT f3xydA L fj 3xydydx 3fox ydydx

14 VII P YeiL First 31 11141 x
44

3fo
4xfix 323121DX

0EXE14
evaluatesecond

zfo4x X 102461DX
44
L32 2 1536 7DX

Ig 19281O
4421 192 8

1 Fogg 8 3 5
128 1024 1024



Ex l3y 2 1DAWhereDistheparallelogramwithvertices 0,0 Cli 2,1 13,2
y a soy211 0x zyz I 0 2

yEXELY 2y I EXE 31x 2yI 2 2
x yH 0EYEI 1 Eyedi

X y_
x 2y 3gyExE2y 3211 13110 0

I 2 3 0eye I EyE2

by 2xldA

fYyC3y2x dxdytf.TL
3t2y

2x dxdy fo'fzy7C3y 2x dxdy f fy3g2x dxdy
I 2 ytl

3yxxZIYytf13yxxIYyfdy ff3yxxfzyf.dz f 3yxxtzyndy
f9yg9y 3ytyifdy.tl f9yI 9uI 6y2t3ythy1121dg

i

fo 6y24y2 921 92 dy Jf3y73y lyin 911792,21dg

I

L dytf.dz ytldytfy2dytfyq2ytIdyo
jyz2dyt yI 2yi2dg
31 5 29

2

i

Igt Eg 414 f 11 21 13
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